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1. Introduction

Many inhomogeneous systems involve domains of well-defined phases sepa-
rated by a distinct interface. If they are driven out of equilibrium one phase
will grow at the cost of the other. Examples are phase separation by spin-
odal decomposition or nucleation and subsequent growth of the nucleus in
the nourishing phase [139]. Another example which has often been discussed
as a paradigmatic problem is that of dendritic solidification [29, 64, 79, 199].
The phenomenological description of these phenomena involves the defini-
tion of a precisely located interfacial surface on which boundary conditions
are imposed. One of those boundary conditions typically yields a normal ve-
locity at which the interface is moving. This is the so-called sharp interface
approach, adopted both in analytical and numerical studies for a variety of
contexts involving a moving boundary. The origin of such a description is of-
ten transparent, being obtained by symmetry arguments and common sense.
Nevertheless the properties of sharp interface models can be quite subtle as in
the case for dendritic growth. This is strongly coupled to the question of how
to view the interfacial surface. Already when introducing the notion of a sur-
face quantity Gibbs implicitly entertained the idea of a diffuse interface [126]:
any density of an extensive quantity (e.g., the mass density) between two co-
existing phases varies smoothly from its value in one phase to its value in the
other. The existence of a transition zone, though microscopically of atomic ex-
tent, underlies this definition of surface quantities as given by Gibbs. In phase
transition phenomena, this notion has been employed in the spirit of Landau
and Khalatnikov [271], who were the first to introduce an additional param-
eter to label the different phases in their theory on the absorption of liquid
helium. Essentially diffuse interface modeling, as it appeared subsequently
in the literature in the context of phase transition phenomena [54, 143], is
connected to such an additional order parameter. Clearly such models have
advanced numerical treatment as well as understanding of interfacial growth
phenomena since.

Even though quite a young approach to tackle such problems, diffuse inter-
face models have been employed by different groups in quite different spirits.
One might even be tempted to say that a variety of philosophies accompa-
nying diffuse interface modeling have already emerged. One way to view this
method to model interfacial growth is to understand it as a numerical tech-
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2 1. Introduction

nique, which helps to overcome the necessity of solving for the precise location
of the interfacial surface explicitly in each time step of a numerical simulation.
This can be achieved by the introduction of one or several additional phase-
field variables. They are the key element to the resulting phase-field modeling
approach for studying systems out of equilibrium. In such an approach the
phase-field variables are continuous fields which are functions of space r and
time t. They are introduced to describe the different relevant phases. Typi-
cally these fields vary slowly in bulk regions and rapidly, on length scales of
the order of the correlation length £, near interfaces. £ is also a measure for
the finite thickness of the interface. The free energy functional A determines
the phase behavior. Together with the equations of motion this yields a com-
plete description of the evolution of the system. In other contexts, such as
critical dynamics [41, 139, 146], the fields are order parameters distinguishing
the different phases. In a binary alloy, for example, the local concentration or
sub-lattice concentration can be described by such fields. The ideas involved
in this approach have a long history, referring back to van der Waals [244].

On this background the materials science community associates the use
of continuum field models in particular with the work of Cahn and collabora-
tors [7, 54, 55]. Within their contribution to the field, phase-field models are
more but just a “trick” to overcome numerical difficulties. Rather they are
rigorously derived based on the variational principles of irreversible thermo-
dynamics as founded by Onsager [227]. Then ensuring thermodynamic con-
sistency of the model equations can serve as a justification of a phase-field
model. In this sense phase-field models can also be formulated for problems,
for which sharp interface equations are not yet available. Consequently it
might be their analysis which yields a formerly unknown sharp interface for-
mulation and helps to clarify the physics in the interfacial region.

One has to contrast this procedure to a very established second way to
validate a phase-field model. This second approach assumes, that a given
sharp interface formulation of the growth problem is the correct description of
the physics under consideration. On the basis of this assumption, a phase-field
model can be justified by simply showing that it is asymptotic to the correct
sharp interface description, i.e., that the latter arises as the sharp interface
limit of the phase-field model when the interface width is taken to zero.
Obviously this procedure works only for cases, in which a well established
set of continuum equations describing the dynamics in the sharp interface
formulation does exist. Moreover, employed in this way phase-field models
do not seem to be much help to elucidate the physics of the interfacial region
beyond what is captured within the sharp interface model equations.

However, the latter is only partially true and leads to a third philosophy
appearing in the phase-field community lately. It is rooted in the under-
standing of the interfacial surface to be finite in the sense of Gibbs denoted
above: If one assumes a phase-field model to be thermodynamically consistent
and to describe a physical situation, for which an established sharp interface
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formulation exists, as well, then, certainly, in the sharp interface limit the
phase-field model should correspond precisely to that sharp interface formu-
lation. However, keeping in mind that the interface can be understood to
be of finite width, not only the sharp interface limit of a phase-field model
is a meaningful physical limit, but also the so-called thin interface limit in-
troduced by Karma and Rappel [168, 169]. To clarify the difference between
the sharp interface limit and this thin interface limit here I will consider
the growth of a dendrite with tip radius R into an undercooled melt [128].
Under more general circumstances, R might be representative of a typical
macroscopic length scale such as the container size. For dendritic solidifica-
tion at large undercoolings the growth is rapid and the radius of curvature
of the dendritic tip is relatively small. As a consequence effects of capillary
action and kinetics on the local interfacial temperature can be significant.
In this regime, sharp interface limits of the phase-field equations have been
performed [49, 60, 115, 116, 121, 213], which assume that the dimensionless
interfacial temperature w is of the order of the small parameter £/R. Contri-
butions from capillary effects and kinetics can be regarded to be of the same
order. In this limit one also considers £ to be small compared to the capillary
length I., which presents a stringent resolution requirement for a numerical
computation that aspires to describe this limiting case. At low undercoolings,
on the other hand, dendrites grow more slowly and have a larger radius of
curvature, so that it is reasonable to model capillary effects and kinetics as
small corrections. Karma and Rappel refer to the corresponding analysis as
the thin interface limit. For this thin interface limit one assumes £ < R but
allows £ ~ I.. Almgren [11] has described this analysis as isothermal asymp-
totics, since to leading-order in £/ R the temperature is isothermal throughout
the interfacial region with u = O(¢/R).

Now again one interest in employing such an isothermal asymptotics or
thin interface limit can be understood to be of numerical origin: it can serve
to legitimate a choice of model parameters which ensures betterf] numerical
performance. On the other hand, isothermal asymptotics can also be used to
obtain first order generalizations of the well known Gibbs-Thompson relation,
which usually yields the temperature value locally at the interface. In turn
such a generalization can facilitate subsequent stability analysis of the model.

Thus momentarily diffuse interface modeling is a field, in which numer-
ical efforts as well as an intense focus on thermodynamic backgrounds and
asymptotic behavior of the models drives the development to turn this ap-
proach into a more and more powerful technique. Within the present work I
will elucidate this symbiotic framework in more detail with respect to specific
growth phenomena. In particular I will show that it is this symbiosis which
opens up new perspectives to gain further understanding about interfacial
growth problems, if one extends the paradigmatic, purely diffusion limited

! The meaning of better as used in the above context will become elucidated further
in the numerical appendix of this book.



4 1. Introduction

dendritic growth problem step by step to additional physical mechanisms
such as hydrodynamics or elasticity. One might wonder if in the end this
approach can provide a framework to tackle the behavior of still more com-
plicated systems, e.g. systems with an inherent multi-scale nature due to an
internal structure, such as liquid crystals or polymer solutions, as well.

1.1 Structure and Scope of This Work

To elucidate the above concepts arising in the context of diffuse interface
modeling I will first — within Chaps. 3 and 4 — present the thermodynamic
background underlying that kind of modeling. It allows me to derive the
respective model equations on the basis of variational principles.

I will then proceed to introduce the mathematical formulation which
allows me to establish their correspondence to the sharp interface models,
i.e. the method of asymptotic analysis.

Regardless of whether one intends to employ a diffuse interface model
(a) merely as a computational trick or (b) to derive new information of the
physics in the interfacial region, it is an important tool to deal with diffuse
interface models: In case (a) the analysis might impose restrictions onto some
of the numerical parameters of the model. Moreover it serves as validation of
the model. In case (b) the method of asymptotic analysis is an instrument to
obtain expressions, which directly yield the velocity and the equilibrium con-
ditions of the interface. In this case ensuring thermodynamic consistency of
the models serves as their validation. Usually this has to be guaranteed in ad-
dition to the variational principles and the asymptotic formalisms involved in
the constitution of the models. Only recently a generalized asymptotic analy-
sis which inherently implies thermodynamic consistency has been introduced
by Elder et al. [102]. The way it was introduced it works for a restricted class
of interfacial growth problems, only. In this way it is described in detail in
Sect. 5.3.

In Chap. 6 and Chap. 7 the asymptotic analysis is taken up and employed
to address very recent issues involved with interfacial growth in the case the
latter is influenced not only by diffuse transport in the bulk phases but by
hydrodynamic transport and elastic driving forces as well.

Finally, in Chap. 8 this text concludes with a summary of the trends and
the perspective which open up in this young scientific field of diffuse interface
modeling in materials science.

To close the circle of discussion an appendix to the overall text provides
an overview on the numerical, implementation related issues involved.

The general scope of this book is to provide material, the study of which
will enable the reader to apply the diffuse interface approach to the interfacial
growth phenomena he is interested in. Along this line the second chapter can
be understood as an introduction to the notion of interfacial growth and the
success achieved in the past modeling it based on a sharp interface approach.
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Such a sharp interface formulation is the frame of reference for the discussion
of the diffuse interface approach throughout this text. Thus the purpose of
Chap. 2 is to demonstrate, that — even though phenomenological in nature —
for the sharp interface approach it is possible to establish a thorough relation
between theory and experiment. In that sense it is regarded a ‘solid’ basis it
is justified to build upon.

The following Chaps. 3-5 develop the thermodynamic background as well
as the mathematical tools required if one intends to engage into diffuse in-
terface modeling oneself. To keep them stringent, they remain deliberately
formal. However, they start from a level that any student of physics, mathe-
matics or an engineering science could follow. For that purpose Appendix A of
Chap. 4 puts together some basics of the calculus of variations as required to
follow the derivation of model equations in Chap. 4 and succeeding chapters.
Moreover, Appendix B and Appendix C relate the Cahn—Hilliard equation
respective the Allen—Cahn equation, as fundamental model equations sum-
marizing the concept of diffuse interface modeling, to some concrete physical
phenomena they allow us to describe. Within Chap. 5 the formal theory of
matching is placed into the context of physics by elucidating its application
for the example of thin film epitaxial growth (Sect. 5.2).

Chapters 6 and 7 are the ones, in which all the formalism discussed before
is applied to two examples, namely

1. hydrodynamically influenced dendritic growth and
2. elastically influenced epitaxial growth.

These two applications serve as examples for phenomena, where the exten-
sion of sharp interface models to grasp all features of the growth process is
no longer clear. In that sense they are examples, for which the achievement
of diffuse interface modeling is obvious at first sight: It allows to model and
investigate these phenomena, for which a sharp interface approach would
fail. Moreover, in these cases it is the analysis of the diffuse interface models,
which reveals new physical insight, which is not clear how to obtain other-
wise. Chapters 6 and 7 are also meant to serve as guidance for the reader to
construct a diffuse interface model for the application he might have in mind.

Within the concluding Chap. 8 the discussion of achievements of diffuse
interface modeling as examplified through Chaps. 6 and 7 is continued. In
particular these achievements are put together with perspectives, thus bridg-
ing the gap from: “What has been learned?” to “What can be learned?”

An appendix to the book summarizes numerical issues, which apply to the
implementation of diffuse interface models. In particular, some of the latest
high performance implementations are described. For the reader interested
in his own application this provides information for the step from model to
simulation. Moreover it gives him a feeling what simulations are possible from
point of view of computational capacity.



2. What Is an Interface?
Interfaces in Materials Science and Beyond

If we think of an interface in materials science, then obviously this term
applies to a boundary between two different phases of solid matter. In this
sense we might distinguish:

liquid - liquid,

liquid - solid,

solid - solid,

solid - vapor and

liquid - vapor interfaces.

It is relatively easy to agree on a common view for fluid interfaces, for which
any physical quantity has a well defined smooth average profile. The situation
is somewhat more complicated for solid interfaces, for which the bulk solid
is modulated with the lattice periodicity. As a consequence one may view
interfaces between two phases, one of them solid, in two ways:

1. First, viewed on an atomic scale, the position of every atom is specified.
This leads to a description in terms of a terrace—step—kink model.

2. Second, viewed on a coarse grained scale, every property is averaged
over a finite volume in such a way as to have constant averages in the
bulk. These coarse grained quantities are then subject of a continuum
description in much the same way as fluid interfaces.

Throughout this book I will choose the second approach. Then the notion of
surface excess becomes essential to quantify extensive variables in the inter-
face region. This term dates back to the work of Gibbs. For its explanation
I start with a planar interface between two phases 1 and 2 located near the
plane x = 0 (see Fig.[2Z1]). An arbitrary extensive quantity has a profile ¢(x),
where ¢ is the density per unit volume. In Gibbs’ description, one deliberately
ignores details of that profile. Rather one defines an integrated surface excess
¢s through the following construction: First choose an arbitrary dividing sur-
face x = ( somewhere in the interfacial region as indicated in Fig. ZTh. Next
extrapolate the bulk values ¢; and ¢o up to (. Then the surface excess ¢; is
defined by

o= | " (@) — dalws — ) — 1(C — 1) (2.1)

where 7 and x5 are well inside each phase (Fig. 2Ih).

Heike Emmerich (Ed.): LNP m73, pp. 7-17, 2003.
(© Springer-Verlag Berlin Heidelberg 2003



8 2. What Is an Interface?

(a) (b)
X
X X2
X
e
E" ----------------------------------------------------- >
(4
phase 1 phase 1
X4 X

Fig. 2.1. Definition of surface excess ¢, (a) for a surface of zero volume, i.e. a sharp
interface, as well as (b) for a finite surface, i.e. a diffuse interface.

It is obvious that the value of ¢, is dependent on the precise choice of (. If {
changes by A(, then ¢4 changes by

Aps = Al(d2 — ¢1) - (2.2)

Only for quantities such that ¢ = ¢ the surface excess is defined unambigu-
ously. In general any result referring to the surface must be invariant upon a
change of (.

Equation (2.I) employs a single dividing surface, i.e. a surface of zero
volume. It is often more convenient to use two distinct dividing surfaces (q
and (2. Then a definition of surface excess analogous to the one above results
in the following formulation:

bs = /12 d(w)dr — pa(x2 — (2) — P1(C1 — 1) (2.3)

The underlying construction is depicted in Fig. ZXIb. For this case a change
of (1 and (> alters the surface excess ¢ in the following manner:

Aps = p2AG — 91 AG - (2.4)

In definition ([Z4) the interface has a finite ‘thickness’ Iy = (s — (1, i.e. it is
diffuse. In this sense it is possible to quantify extensive variables in an inter-
facial region based on Gibbs’ definition of surface excess for both, sharp as
well as diffuse interfaces. Moreover, both interface types allow us to establish
thermodynamic relations between those quantities dealing with mechanical or
chemical equilibrium. The latter governs transfer of matter from one phase to
the other and thus is essential for interfacial growth. Classically formulating
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chemical equilibrium results in the well known Gibbs-Duhem relation or the
Gibbs—Thomson relation for liquid-liquid respective liquid—solid interfaces.
For a minimal model describing the growth of a phase-separating interface
only two additional physical requirements have to be met:

1. First, at the interface itself we would also require conservation of mass
and energy to be satisfied.

2. Second, within the bulk at least the transport equation for the physical
field governing the growth process would have to be taken into account.

Indeed for dendritic growth, which can be regarded as a paradigmatic prob-
lem of interfacial growth ever since Kepler [178], the Gibbs-Thomson relation
together with an interfacial boundary condition for the conservation of mass
and energy (Stefan condition) as well as an diffusion equation for heat trans-
port in the bulk is sufficient to describe the growth process. Thus the minimal
model for dendritic growth reads:

e Bulk -
=D VT . 2.5
ot Vv (2:5)
e Interface
Gibbs—Thomson relation
T 2] B l
T =T, (1 Ln> , (2.6)
Stefan condition
Lv-n= [(kVT’)S - (kVT’)l] - n. (2.7)

Here equal diffusion constants D for the transport of heat in the liquid and in
the solid phase have been assumed. Moreover, k = Dc, where ¢, the specific
heat per unit volume, which is assumed to be equal in both phases as well.
T’ is the temperature field, which governs the growth process. T}, denotes
the crystallization temperature of the planar interface, L the latent heat per
unit volume of solid, v the anisotropic liquid—solid surface tension, and k the
local curvature of the interfacd]. One assumes a fourfold symmetr of the
crystal, so that the surface tension can be written as

¥ = voa(0) = v,(1 — B cos4b) , (2.8)

! The prime refers to the fact that at this point the temperature field is given in
dimensional units.

2 This multiple symmetry is a reminiscence of the underlying crystalline structure:
Even though I'm only concerned with continuum descriptions of interfaces, the
crystalline grid results in an orientation dependence of surface tension along the
continuous interface also on the coarse grained scale. The precise dependence on
orientation can be obtained via a Wulff construction [300]. According to such a
construction an underlying fcc-grid gives rise to a fourfold symmetry.
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where 3 is the anisotropy factor and # the angle between the normal to the
interface and the direction of propagation (cos# = n - ex). The left-hand side
of formula (2.7)) constitutes the latent heat release per unit volume of solid.
Its right-hand side accounts for the total energy flux away from the interface
to both sides of the interface due to heat conduction.

Equations (238)-(@27) constitute a sharp interface model for dendritic
growth. Even though simple in nature it is in good agreement with experi-
mental data for single dendrites grown into transparent materiald] [128]. In
this sense it can be understood as an accepted, a validated model.

Extending the model only slightly allows us to study directional solidifi-
cation within a sharp interface formulation. This is particularly convenient
for a validation through comparison to experiments, since directional solidifi-
cation experiments can be carried out in a thin-film geometry for samples as
thin as 12 wm. Using for example CBry + 8 % C5Clg with diffusion length
~ 50 um [5] the relevant dynamics of the experiment takes place in the 2D
plane. An experimental set-up underlying this type of directional solidifica-
tion experiments is depicted in Fig. 221 The set-up specified here was used
by Akamatsu and Faivre to study the doublon—dendrite transition in direc-
tional solidification [5]. Pictures of the doublon morphology as obtained in
their experiments are displayed in Fig.[Z3l Simulations by Thle revealed their
relation to a minimal sharp interface model of directional solidification, which
in terms of a dimensionless diffusion field u explained further in (ZI5)—(2I7)
reads:

e Bulk

9 2
Frike DV*<u, (2.9)

e Interface
Gibbs—Thomson relation

-Vt

Ul =1 —d(0)k — — Bxin(0) vy | (2.10)

Stefan condition
(1 = K)up + K)v-n=—DVup, -n. (2.11)

Here £ = £(y) := 0 denotes the z-position of the interface and d(6) = do(1 —

Bcosdf), where dy is the capillary length which is related to the surface

tension of (2.§)) via

d() = ’YCPTJIW .
12

Thus it inherits the fourfold symmetry of v:

(2.12)

3 Systematic deviations from the theory at small undercoolings will be discussed
in detail in Chap. 6.
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d() = <7(9) 49 ;9(29)> CPLTZM . (2.13)

The fourth term on the right hand side of the Gibbs-Thomson relation,
i.e. Bxin(0)v,, denotes deviations from local thermodynamic equilibrium. It
becomes relevant, if the interface is growing rapidly and the idea of an instan-
taneous relaxation of the physical fields to the position of the interface does
not hold any longer. Just as capillary effects kinetic effects can be anisotropic:
Bkin (0) = Bxing (1— Bxin, cos46), where the kinetic anisotropy factor Oxin, does
not necessarily have to be equal to the crystalline anisotropy factor 3. More-
over,

ZT — mlAC
G )
where m; is the so-called liquidus slope, AC' the miscibility gap and G the
temperature gradient. K denotes a so-called distribution coefficient.

(2.14)

(a) (b)
video-tape 8mm
recorder hot edge i
. /// ///
microscope / .
z 7 7
) liquid |/ -
/// ///
//
cold oven ‘ hot oven g /// %\gmwth font
o 7 o
= | soid solid-solid
. _ transition
-
i spacers
/// U /////
g:aSS growth y cold edge
plates front v

Fig. 2.2. This experimental set-up was used by Akamatsu and Faivre for their
experiments on the directional solidification of CBrs4 4+ 8 % C2Clg thin-films [5].
(a) Principle experimental set-up. (b) More specific sketch of the sample itself. z is
the direction, in which the sample is pulled with constant velocity V.

The picture underlying that model is that of a growth process driven by a
solute field rather than a temperature field. This implies that the experiments
are no longer done with pure materials but rather with alloys. Moreover,
within a directional solidification experiment the sample containing the alloy
is moved with constant velocity V' within an externally opposed temperature
gradient such that the position of the interface is kept fixed. This geometry is
depicted in Fig. 2.2l on the right. If the heat conductivity of liquid and solid
phase are approximately equal, then the temperature profile between the hot
edge and the cold edge (see Fig. 2:2) can well be assumed as:
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T=Ty+ Gz . (2.15)

By an appropriate choice of the temperature Ty it is possible to keep the
position of the interface at * = 0. The diffusive transport equation, which
remains to be solved, is that of the solute field C'. Formulating solute diffusion
one has to take into account, that the value of the solute field depends on
temperature. Figure 2.4] depicts the dependence of C on T. Here liquidus
line, the slope of which appears as m; within (2:14), solidus line with slope
m, and the miscibility gap AC are displayed. The distribution coefficient K
appearing within (2I1) can now be understood as the ratio

Cos

K=e.vac (2.16)

where Co denotes the concentration of the solute field at T = Ty (see
Fig. [Z4). Moreover, the governing field u, in terms of which model equa-

tions (Z9)—(211)) are written, reads

C(LU, Y, t) - Cvoo

it (2.17)

u(z,y,t) =

Apart from the experiments by Akamatsu and Faivre quantitative vali-
dation of sharp interface modeling for directional solidification was obtained
e.g. through experiments by Bechhoefer et al. [25, 258] as well as Trivedi et
al. [275]. These experiments were concerned with the so called limit of abso-
lute stability [223]. The limit of absolute stability is a maximal velocity of a
directional solidifying front in a parameter regime, where it is stable what-
ever the value of the thermal gradient is. Theoretically it was predicted to
be d(%{ [223]. Indeed this was observed in the experiments by Bechhoefer et
al. on the liquid-to-nematic transition of 8CB [25, 258] as well as by Trivedi
et al. on distillated CBry [275]. Other evidence for a validation of sharp inter-
face models from directional solidification experiments centered around the
issues of shape and velocity selection, e.g. [27, 90, 112, 249, 260, 274].

To summarize the experimental evidence at this point, one may state that
there is a long tradition in sharp interface modeling of solidifying phase—
boundaries and relating these models to experiments. The same is true
for solid—vapor or solid-liquid interfaces subject of epitaxial growth (see,
e.g., [288] and references within). Thus it seems justified to construct such
kind of models simply from formulating the governing equations for trans-
port in the bulk phases coupled to mass and energy conservation (Stefan
condition) as well as the requirement of local thermodynamic equilibrium
(Gibbs-Thomson condition) at the interface.

From a mathematical point of view these problems constitute a class of so-
called moving boundary problems. Usually analytical treatment of these type
of problems is very restricted. Thus it seems natural to search for adequate
numerical treatment. However, such numerical treatment proofs difficult, as
well.
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Fa G
Fig. 2.3. The doublon morphology as obtained in thin-film directional solidification
with CBry4 4+ 8 % C2Cls by Akamatsu and Faivre. Picture taken from [5].
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Solid §
. AC » Solidus
! . Line
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Fig. 2.4. Part of the phase diagram of a binary alloy. Liquidus and solidus curve
are depicted just as well as the miscibility gap AC and the alloy melting tempera-
ture T,,. Via an appropriate choice of the temperature Ty it is possible to keep the
position of the interface at © = 0 (see (Z15)). Coo = C°(Tp) refers to the concen-
tration of solute in the solid phase at T' = Tp. Due to ([2.I5) the temperature scale
given on the left vertical axis of the diagram corresponds directly to the in growth
direction (i.e. the x-coordinate) of the sample as indicated by the second vertical
axis of the diagram to the right.

Ideally one would like to simulate the effect of the boundary by treating
it explicitly, i.e. with no smearing of information at the interface resulting
in numerical diffusion. For fixed boundaries, even if very complex in shape,
techniques for such an explicit treatment include block—structured domain
decomposition [256], overset meshes [156, 264] or unstructured boundary—
conforming curvilinear grids [286] to discretize the domain. For moving
boundaries, on the other hand, fixed grid techniques are employed, in which
the computations are performed on the fixed grid while at the same time the
interface is tracked explicitly as independent curve. These approaches con-
stitute mixed Eulerian—Lagrangian methods. Examples of such approaches
are the immersed boundary technique [157, 233, 280, 285], cut-cell type ap-
proaches [230, 241, 257, 278, 279], the immersed interface method [206] and
the fictitious domain methods [132].

The complications arising from such a mixed Eulerian—Lagrangian method
are twofold:

1. First, it implies two distinct schemes of discretization, namely that for
the moving interface opposed to the fixed grid employed for the trans-
port equations. However, using the Gibbs—-Thomson relation properly as
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boundary condition for the heat transport field requires to interpolate be-
tween these two discretization schemes and thus brings about unavoidable
interpolation errors. Moreover, the Stefan condition requires to determine
normal gradients away from the interface onto the fixed grid, which again
involves interpolations. Thus ensuring numerical stability and adequate
accuracy gets expensive in terms of CPU time.

2. Second, for Eulerian—Lagrangian schemes the number of discretization
points of the scheme varies from time step to time step. As a result
these approaches are difficult to parallelize efficiently. However, having
in mind applications to real phenomena posing open questions such as 3D
systems including more than just diffusive transport dynamics, efficient
implementation becomes essential to carry out the parameter studies
necessary to gain new physical insight.

Thus if it were only for numerics, a diffuse interface approach in materials
science would seem to be a natural advance to treat interfacial dynamics nu-
merically, since it overcame item 1 as well as item 2 of the enumeration above.
In this sense one would employ diffuse interface models along the lines of the
first philosophy I pointed out in the introductory chapter, i.e. merely as a
computational trick. Other philosophies motivating diffuse interface theory
also from the point of view of new perspectives with respect to the modeling
itself have been discussed within the introductory chapter as well. Their im-
pact will become clearer in Chaps. 6 and 7 of this book, being concerned with
phenomena, for which particularly the diffuse interface approach provides a
way to gain new insight. Moreover I will summarize within the final chapter
of the book in which way new perspectives for modeling as well as numerics
open up new chances for gaining insight in evolving phase boundaries.

In this context phase boundaries are more than the interfaces known from
materials science. Talking of interfaces in a broader sense one could include
evolving boundaries from e.g. combustion, image processing, computer vision,
control theory, seismology and computer aided design, as well. For some of
these problems the moving interface seems virtual and emerges only after
some sort of transformation. For example for the problem of shape-from-
shading in computer vision, one has to map the image segmentation problem
onto a moving interface version of active contours. However, for all of these
examples the key ingredient to construct a diffuse interface model is to rethink
the Lagrangian geometric perspective and replace it with an Eulerian, partial
differential equation. Having accomplished that task, the gain is advanced
numerical treatment as well as new perspectives for modeling just as in the
case of materials science.

In many aspects the diffuse interface approach resembles features of the
level set method. Nevertheless there are clear differences, as well. To conclude
this chapter I will therefore contrast the two methods for applications in
materials science:
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The level set method was first introduced by Osher and Sethian [228].
Since then level set algorithms have successfully been applied to a wide variety
of problems [66, 70, 114, 148, 215, 266, 302]. The fundamental idea behind
the level set method is the representation of the interface I5; by the help of
a zero level set function ¢(x,1t), i.e.:

I = {x: p(x,t) =0} . (2.18)

Given a velocity field v, one can analyze the dynamics of I;; by relating
it to the motion of the zero level set of ¢. The partial differential equation
describing the temporal evolution of ¢ such that the level sets move with v

1S
09

-Vp=0. 2.19
5 TV Vo (2.19)
Since the normal vector n can be written in terms of ¢ as n = % and since
further v = v,n, (Z19)) is equivalent to the level set equation:
0
6%5 + v, - |[Vo| =0. (2.20)

The difficult issue when employing the level set approach is the derivation of
the velocity function v and its extension to the complete domain of the level
set function ¢ as required to solve (2.20). The extension of v to the complete
domain can be achieved via the so-called Fast Marching Method [253], which
results in a first-order accurate solution only, if linear triangular elements are
used. Higher order elements enable higher order solutions, however at a much
higher computational price.

Moreover the boundary conditions have to be evaluated at the boundary
Ij, now given by IT; = {x : ¢(x,t) = 0}. I;; does not necessarily coincide
with the grid points of the underlying Eulerian discretization scheme. As a
consequence the boundary conditions cannot be resolved on exactly this grid.
In [71] this problem is treated via interpolations, which lead to a smearing
of information over the interface and limit the capability of this method to
take into account precise kinetics of an interface. In [72] an alternative way
is chosen, i.e. the problem is met by employing a finite element mesh with
linear triangular elements, whose nodes are placed exactly on the bound-
ary. Obviously there is a price to pay for this as well, namely tedious mesh
adaption.

The basic difference between the level set method and the phase-field
method is that the latter method depends on a small parameter for the
interface thickness. Thus the interface is not a sharp interface as in the level
set case, and boundary conditions have to be fulfilled only asymptotically for
vanishing interface thickness. Obviously this restricts the operation of this
method to interface thicknesses proportional to the grid size. As a result it
used to be hard to employ the phase-field method in a quantitative manner,
since it proved to be computationally demanding to choose the interface
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thickness small enough to resolve the desired sharp interface limit. In the
context of dendritic growth efforts to overcome this difficulty resulted in
the so-called thin interface analysis [168]. This thin interface analysis also
improved the capability of the phase-field method to model kinetic effects in
detail considerably. I will discuss it in more detail in Chap. 5.

For further information on the level set method the interested reader is
referred to [254], which is a comprehensive and self-contained introduction to
that field.



3. Equilibrium Thermodynamics of Multiphase
Systems: Thermodynamic Potentials
and Phase Diagrams

A first step when entering the field of thermodynamics certainly is concerned
with equilibrium thermodynamics, i.e. with gaining an understanding about
how a system can be characterized by macroscopic state variables and po-
tentials and how those can be organized into phase dmgmm:@ for systems at
equilibrium. Thermodynamic equilibrium is reached, if the state of a system
remains constant, unless variation of subsidiary conditions triggers a change
of governing variables. Thus a definition of thermodynamic equilibrium al-
ways comes along with a set of well defined rules (the subsidiary conditions),
which tell us, which (depending) variables can change freelyﬁ and which vari-
ables are the state governing ones, which will have to be kept constant. A
thermodynamic state is described fully by a minimal set of governing vari-
ables, which are independent of each other. The number of those independent
governing variables is system dependent.

To describe a thermodynamic equilibrium situation mathematically, the
notion of a thermodynamic potential is essential, since it allows us to define
the equilibrium state as the one, for which the governing thermodynamic
potential becomes extremal. The basic thermodynamic functions to consider
within this context are the Helmholtz free energy A and the Gibbs free en-
ergy G. One considers them as “thermodynamic potentials”, if they appear as
functions of their natural variables. For the Gibbs free energy G the natural
variables are the pressure P, the temperature T, and the molar number n of
a system. For the Helmholtz free energy A, on the other hand, the system’s
volume V replaces the pressure P in the set of natural variables. With these
respective dependencies G and A allow for a complete description of a ther-

L A phase diagram depicts the two phases solid and liquid in dependence on the
three variables temperature, concentration and pressure - thus a full phase dia-
gram should be three dimensional. However, since approximately constant pres-
sure is assumed, here the diagram turns out to be a 2D plot just as in Fig. [31
Within the diagram equilibrium phases are denoted by “S” (solid) and “L” (lig-
uid). Moreover, in the particular diagram given by Fig. B} there is exactly one
third domain in the diagram referring to coexistence of liquid and solid phase
(“S4+L”). The curves separating the coexistence domain from the solid and liquid
domain, respectively, are the solidus and liquidus curve introduced in Fig. 2.4.
and in fact will change during the evolution of the system towards thermody-
namic equilibrium

Heike Emmerich (Ed.): LNP m73, pp. 19-30, 2003.
(© Springer-Verlag Berlin Heidelberg 2003
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Fig. 3.1. The typical phase diagram of a binary mixture with Gibbs free energies
of both phases as given in Fig.[3.2 for T and Fig. 33l for T's.
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0 C 1
Fig. 3.2. Typical curves depicting the molar Gibbs free energy for the solid phase

és and the liquid phase éL of a binary mixture at a specific temperature T:.
Logarithmic contributions due to the mixture entropy are neglected. On the C-axis
the relative portion of species B is plotted. Here the liquid phase is the stable one

for all mixture ratios (compare to Fig. B3).
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modynamic system in the sense that the physical variables for all well defined
thermodynamic states can be determined from them via extremal principles.

In the following I will first concentrate on the Gibbs free energy G and its
meaning for simple “two-phase” systems. This concept of G is an essential
background to describe the dynamics of phase separating interfaces later. 1
will then specify some relevant Gibbs energies with respect to special classes
of model systems and also explain special phase diagram approaches to those
systems. This will allow me to elucidate the discrepancy of a “locally non-
conserving-variable-approach” and a “locally conserving-variable-approach”
with respect to the concept of thermodynamic consistency as one of the key
ideas for the remainder of this work.

The following concepts can be found in more detail within elementary
thermodynamic textbooks as e.g. [4, 184]. The ‘short-cut’ introduction pre-
sented here follows mainly [2].

3.1 Calculating Phase Diagrams
from Energy Functionals

As mentioned in the previous section, the equilibrium configuration of a ther-
modynamic system is characterized by an extremum of the relevant thermo-
dynamic potential. For binary mixtures, for which two phases “S” (solid) and
“L” (liquid) can exist, the differential of the Gibbs free energy for each of the
two phases is given by:

dG = dg° +dg" (3.1)

x ; me{L,S}. (3.2)
ke{A,B)

In the above equations P denotes the pressure of the system and T its tem-
perature. These are the state governing variables. Thus they are not allowed
to depend on the phase 7. V, and S, are the volume and the entropy of
phase , respectively. Ty,  is the molar number of component k € {A, B} in
phase 7. The chemical potentials are defined by

oG" aG"
m [ — R 33
Hem = ke OC4n (3:3)

with the molar Gibbs free energy G and a relative portion of C}.r of com-
ponent k in phase mw. At this point surface effects at the phase-separating
interface, which will be an important ingredient of succeeding chapters deal-
ing with the dynamics of the systems, are neglected. Assuming approximately
constant pressure, the P-dependence in ([3.2) can be omitted, as well.
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Fig. 3.3. Same as in Fig. | however at a dlﬁerent temperature Tg, which is
smaller than the temperature T1 chosen for Fig.[3.2] As a result the energy curve
displays an equilibrium configuration at which both phases coexist.

In Fig.[3.2ltypical forms of éL/S are displayed as a function of the relative
portion of species B in the respective phases for a fixed temperature T;. As
proven in [142] the molar Gibbs free energy always takes a local maximum
for mixings 0 and 1. Between these two points the graph is a convex curve.
In Fig. és is larger than GL for all mixture ratios. Thus the liquid phase
is the stable phase for arbitrary concentrations. Reducing the temperature,
energetic conﬁguratlons will be changed in favor of the solid phase. At a
certain temperature Ty 4 < T1, the melting temperature of A, both curves
will coincide at a concentration C = 0. Reducing the temperature further
to T results in an intersection of curves and thus a coexistence of phases
(Fig. B3). The equilibrium configuration can be obtained from the following
consideration [294]: The identities

B o _ 9G (Cp.r)
=G (Cpr)—Cppr——m>""> 3.4
e =G () = O (3.4)
e _  9G"(Cgy,
fipe=C (Cpn)+ (1 Op )29 1081 (3.5)

663,77

reveal that the chemical potential for a concentration Cp . is determined
by the value of the curve tangential to G, in Cp . On the other hand,
because of conservation of species as implied by (B]) and (B.2), one obtains
the equilibrium condition

Br.r = PBr,s > (3.6)
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S ey . —L —S
which implies that at equilibrium the two curves tangential to G~ and G,
respectively, result in identical values for Cg = 0 and C'g = 1. This condition

is fulfilled by a double-tangent curve, which joint points with GL and és

yield the equilibrium concentrations in liquid (C') as well as solid phase (CS)
(see Fig. B3).

Further reduction of the temperature results in changes of this value to-
wards higher concentrations. Finally, if the melting temperature of compo-
nent B is reached, the solid phase is stable for all mixture ratios. If one
plots the equilibrium concentration values versus temperature, one obtains
the phase diagram of two completely miscible species (Fig. B.l). There is
a two-phase state “S+L”, for which the system minimizes the value of G
through the coexistence of solid and liquid phase. The relative amount of the

two phases at equilibrium is given by the ratio (éL — 61) / (61 — és), where
T is the overall fraction of species B in the mixture. A phase diagram of
this kind is for example found for CuNi-mixtures [198].

In general the exact form of a phase diagram depends on the two functions
GS and @L. If, for example, both of them take a minimum at nearly identical
mixture ratios, then the curve for GL displays a stronger curvature than the
one for és. As a result, a further increase in temperatureg results in an
intersection of the two curves at a concentration close to the two minima. A
phase diagram different from the one depicted in Fig. BIlin the sense that
two distinct (but not disjunct) coexistence regimes arise, is the result. Such
a kind of phase diagram can for example be found for CsK-mixtures [198].
For a K concentration of 50.5 % solidus and liquidus slopes coincide. At this

point both curves are at a minimum (Fig. B4)). The “real” phase diagram
displayed in Fig. B4 depicts the phase boundary of a CsKa-phase (lower right
corner of the figure), as well.

This method to calculate the phase diagram from energy functionals
is not restricted to a system of two components, i.e. a binary mixture.
By introduction of suitable potentials even the complex phase diagrams of
multicomponent—-multiphase systems can be calculated as well as validated
from experimental findings [62].

3.2 Abstracted Phase Diagrams

If one focuses ones main interest on the physical processes underlying the
dynamics of two-phase systems and limits ones attention to certain mixture
ratios, then simplified phase diagrams can be developed. They can be under-
stood as abstractions of basic types of phase diagrams as, for example, the
one depicted previously in Fig. Bl

3 The starting point for this consideration is a temperature, at which the system
is solid for all concentrations.
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Fig. 3.4. “Real” phase diagram of a CsK-mixture [198]. Compared to the phase
diagram depicted in Fig. [3.] this displays a second, qualitatively different type
of diagram found for two-phase systems containing two distinct but not disjunct
coexistence regimes.
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Fig. 3.5. Reduced phase diagram for a binary mixture of dominant component
A and only small portions of B (i.e. weakly contaminated melts). The coexistence
domain is hatched. It is bounded by the solidus curve with slope —mgs and the lig-
uidus curve with slope —m . These two curves intersect at the melting temperature

Th.
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There are many questions concerned with systems, which involve a dom-
inant phase A mixed with only a small amount of a second species B. The
prototype is a weakly contaminated melt. In this case it is important to
know the precise configuration of the phase diagram only for a small interval
of concentration values. Then it is justified to expand solidus and liquidus
lines around the melting point TZ;, so that the two-phase domain is bounded
by solidus and liquidus curve with constant slopes —mj and —mg, respec-
tively. Here —my, and —mg are both larger than 0 (Fig.[3.5]). Reduced phase
diagrams of this kind have extensively been used for theoretical and ana-
lytical investigations of solidification phenomena in binary mixtures in the
past [28, 53, 65, 80, 81, 82, 125, 162, 163, 164, 199, 202].

If for a phase diagram as depicted by Fig. BIlthe interesting concentration
of species B turns out to be in the range of C' = 0.25 to C' = 0.75, Fig. B.5
is no longer a suitable abstraction. Rather liquidus and solidus curve can
be assumed to be approximately parallel, i.e. m = my = mg. This type of
reduced phase diagram is depicted in Fig. It is characterized by a misci-
bility gap, which is independent of the concentrations and implies invariance
of translation along the solidus and the liquidus curve. As a result, deriving
the energetic potentials to obtain dynamic equations subsequently is partic-
ularly simple. At first sight, a severe short-coming of this type of diagram
seems to be the absence of a well defined melting temperaturﬁ. However, this
does not have any consequences for the derivation of the evolution equations
of the system, since the melting temperatur is only relevant to determine
the capillary length. In Sect. A.1 I will show that the capillary length is still
well defined for systems represented by Fig. [3.6] and that it can be obtained
in an alternative manner. Thus the absence of a precise melting point does
not interfere with the derivation of model equations, which are meant to dis-
play the relevant physical effects. In this sense the reduced phase diagram
Fig. itself can be understood as comprising all information necessary to
derive the dynamic equations of the system. Because of its convenient be-
havior with respect to this point, I will present the mathematical formalism
of the succeeding chapters based on it as representative for the underlying
thermodynamics. Usually the formalism can be extended to cover systems
described by a reduced phase diagram as in Fig. [3:5] as well.

The phase diagram of Fig. is characterized by four parameters:
Me, My, Cy and Ty. They can be transformed into the two dimensionless
variables

C-C T-T
-0 ; T = 0.
MC T
T and C allow us to construct a parameter-free model phase diagram. Now
the miscibility gap as well as the temperature difference between liquidus

and solidus line is 1, moreover mg = my, = 1. In the following section I will

C =

(3.7)

4 Since there is no intersection of liquidus and solidus curve.
5 if it is available as in Fig.
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Fig. 3.6. Reduced phase diagram with constant miscibility gap Mc¢. The tempera-
ture difference Mr of solidus and liquidus curve is constant. Therefore both curves
display the same slope —m. The reference point (Co,To) can be chosen arbitrarily.

discuss the derivation of the Gibbs free energy in the liquid as well as the
solid phase for such a parameter-free diagram.

3.2.1 Constructing the Gibbs Free Energies
Close to thermodynamic equilibrium G* and G° can be expanded as:

GE(C,T) = A1 (C — A3)? + A3(C — Ay)?* + AsCT (3.8)
G5(C,T) = B1(C — By)? + B3(T — B4)*> + BsCT + Bg , (3.9)

with expansion parameters A;, B;. For an arbitrary temperature T' the equi-
librium concentration in liquid and solid is given by

cHT)y=1-T ; C5(T)=-T. (3.10)

The equilibrium conditions following from the double—tangent construction

at G* and G° (see (34)-(B8)) read

dGL(C,T) _0GS(C,T) (3.11)
aC Cc=CL oC Cc=C*s ‘
S
GE(CE,T) =G5(C5,T) + 967G, 1) (ct — %) (3.12)
IC s
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0 2 4

Fig. 3.7. For three different temperatures the Gibbs free energy of liquid phase
(solid line) and solid phase (dashed line) are plotted: (a) T'=0, (b) T'= —1 and (c)
T = —2. The energies follow from ([ZZI). The respective equilibrium concentrations
following from the double-tangent construction are indicated.
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They have to be fulfilled for arbitrary 7" and thus at any order of T, so that
the A; and B; obey the following relations:

Ay(1— Ay) = —BiB,, (3.13)
A(1— Ag)? + A3A3 = B1Byo(By —2) + B3B? + B, (3.14)
As — 24, = B; — 2B, (3.15)
2A1(Ay — 1) —2A3A,4 + As = 2By (By — 1) — 2B3B? + Bs ,  (3.16)
A1+A3—A5 = Bl +B3 —B5 . (317)
These can be transformed to
A5 B5 ZBlBQ
A =224B - = Ag =14 —""72 3.18
e N 2=t B - B (3.18)
As Bs 2B, 4+ 2B3B, + A5 — Bs
A3 =224 By — = Ay =1 3.19
BT BT S WY Yy - (3.19)
B 2B? B3 N (2B, + 2B3B, + As — Bs)?
o A5 + 231 - Bs 2(A5 + 233 - B5)
B
+2B1 B, (1 — 72) — B3B?. (3.20)

As, Bi, By, B3, B; and Bs remain parameters one can choose freely. If

the energy term does not contain any C-T coupling (i.e. A5 = Bs = 0),
one obtains By = Bs = B3 = —B4 = 1 and thus particularly simple energy
functionals in solid and liquid. They are visualized for three different values
of T in Fig. B7. Formally they are given by:

GE(C,T) = (C —2)? +T? (3.21)
G5(C,T) = (C =1 +(T+1)* +1. (3.22)

3.2.2 Non-conserved Versus Conserved Variable Approach

In succeeding chapters of this text one of the key issues is how to derive
a thermodynamically consistent phase-field model for the dynamics of the
phase-separating interface based on a governing thermodynamic potential.
A key element to accomplish this task is to substitute the dimensionless
temperature T in (3:21)) and ([B:22)) through the dimensionless energy density
Q. The necessity to do so is twofold:

1. First, the formalism to derive an evolution equation from the governing
potential is different depending on whether a variable is a conserved
one or a non-conserved one. This will become clearer in Chap. 4, where
this formalism is explained. As a consequence it is quite essential to
distinguish strictly between locally conserving and locally non-conserving
variables of the system (see (4.42) and its explanations).
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2. Second, if evolution equations are derived from functionals, which con-
tain the temperature as variable rather than the energy density, then the
dynamic behavior is characterized by the feature, that changes to tem-
perature cause changes in energy, as well. The thermodynamic potentials
are no longer monotonically decreasing in time as could be proven by
Penrose and Fife [231, 232]. A transition from temperature to inner en-
ergy as governing variable overcomes this problem. Thus it opens a way
to derive thermodynamically consistent phase—field models.

If one replaces T by @, one has to pay attention to the fact, that the
double-tangent construction given by (B.I1]) and (3:12) is no longer suitable.
A more general formula has to be obtained. To do so, one minimizes the
energy functional with respect to the remaining independent system variables
by at the same time ensuring the necessary conservation conditions for the
functional. To obtain an adapted formula for the double-tangent construction
one considers a closed binary system with species A and B and with fixed
number of particles N4 and Ng (N = N4 + Ng). Moreover, the total energy
E = ES + E" is fixed. E® and E* are contributions to the energy E from
liquid and solid phase, respectively. In addition,

Ng total number of particles in solid phase

noo number of particles of species B in solid phase

cd concentration of species B in solid phase: C¥ = n/N

CAZ'L :  concentration of species B in liquid phzise: ct = %ﬁi&z

Q° energy per particle in solid phase: Q% = E¥/Ng

QL : energy per particle in liquid phase: QS = J}\ET:JJEVZ

Here variables C'® , CL, ... have been introduced, which are identical with

the variables C°, C¥, ... except for a normalization factor.

At this point the configuration of the system is determined by the values
of n, N° and Q°, as well as N, Ng and E, which are external parameters.
Minimizing

G(N. N, E.n, N%,Q%) = NsG¥(C%,Q%) + (N — N¥)G"(C", Q") (3.23)
with respect to n, N° and QS results in
9G*(C%, Q%) _ aGH(C", Q")

9% = 9CT (3.24)
8GS CS,QS aGL CL,QL
éQs ) _ (aQL ) (3.25)
S(S S Lol oLy _ 890G (C%Q%) L OGH(CF,QY)
G(CvQ)_G(C 7Q)_C 80‘9 _C aCL
S(S S L(L L

Qs oQr
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These conditions represent a set of possible surfaces tangential to G and
G®, which allow us — after fixing one variable, e.g. Q¥ — to determine the
equilibrium conditions of the remaining variables Q*, C* and C°.

Once the relation between T and () in both phases is fixed, the three
equations ([3.24)-(3.26) can be used to calculate the functions GE(CE, QL)
and G°(C®,Q%). For this it is convenient to transform the latent heatd| I
and the energy density Q to dimensionless variables as:

0-2T i
7Q 0 ; L=

@ EpMT ’ 5pMT

(3.27)

(here ¢, denotes the specific heat of the material). Afterwards the relation
between dimensionless energy density and dimensionless temperature readd7:

(3.28)

T_ Q° : in the solid phase
1 QF -1 : in the liquid phase

If the system is at thermodynamic equilibrium the relevant phase diagram
has to fulfill
cs=c0t-1 ; Q=@ -1 ; CS = —-Q%. (3.29)

If one determinesf] the parameters A; and B; such that (324)-(3:20) and
B:29) are satisfied, the thermodynamic functional reads

GHC,Q) = (C -2+ @ (3.30)
GS(C,Q) = (C—1) +(@+1)° .

These forms of the functional will be the basis for the derivation of model
equations governing the dynamics of a phase-separating interface in the fol-
lowing. The succeeding chapter will make use of it to develop the formalism
by which the potential is linked to the dynamics of the system in detail.
Essentially, the above concepts have to be extended to the theory of irre-
versible thermodynamic, which opens a way to derive the relevant transport
equations.

5 In the context of solidification latent heat refers to thermal energy which is re-
leased at the interface due to the phase change. Thus a transformation of the
inner energy of the system naturally involves a transformation of the latent heat,
as well.

7 Note that within this context the dimensionless latent heat is normalized to 1.

8 by proceeding just as in ([B:8) and @)



4. Thermodynamic Concepts
of Phase-Field Modeling

Thermodynamics provides functionals like the Gibb’s free energy discussed in
detail in the previous chapter. They behave like Lyapunov functions changing
monotonically in time. In that sense, thermodynamics provides the basis for a
variational approach. If an extremal principle is applied to the rate at which
some total (free) energy decreases, then this yields the dynamic equations
governing the evolution of the physical system under consideration. The basic
theory of how to derive transport equations for irreversible thermodynamic
transport processes dates back to Onsager in 1931 [227]. Subsequently it was
refined and extended by different other authors [91, 140, 237]. The theory
is based on the assumption that the system under consideration is close to
an equilibrium condition, so that locally thermodynamic equilibrium can be
assumed. As a consequence the concepts of equilibrium thermodynamics can
be extended to these non-equilibrium conditions based on linearizations.

However, the Onsager theory is certainly only one step in the direction of
a diffuse interface model for a moving, phase-separating surface. It gives an
idea of how transport equations can be obtained from the thermodynamic
functions of a system. On the other hand it does not contain any notion of
a phase-field variable as introduced in Chap. 1. Moreover, kinetic principles
as an essential component of the physics of a moving interface are not part
of the theory.

Kinetic effects are more likely to be found in phenomenological mi-
crostructures evolution theories, which start with constitutive relations and
empirical data providing equations and principles for the dynamics. These
equations and principles, on the other hand, do not necessarily ensure ther-
modynamic consistency. Guaranteeing compatibility with the laws of thermo-
dynamics yields additional restrictions, for instance on the elastic coefficients
and chemical rate constants. In this sense, thermodynamic laws alone are not
sufficient to derive the dynamics of microstructural evolution. Nevertheless
any comprehensive approach to model interfacial growth problems has to be
compatible with them.

This raises the question: What aspects does a diffuse interface approach
to moving boundary problems have to fulfill to qualify as comprehensive
approach for such problems? And: How does a thermodynamic foundation
help with respect to that point?

Heike Emmerich (Ed.): LNP m73, pp. 31-58, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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To address these questions the first section of this chapter will be devoted
to the derivation of transport equations from an underlying thermodynamic
potential based on Onsager’s theory. In the second section this approach is
extended to account for a phase-field variable. The third section finally deals
with the question of thermodynamic consistency.

4.1 Derivation of Transport Equations

4.1.1 Considering Conserved Quantities Only

The starting point of the concepts developed in this section is the knowledge
of a thermodynamic potential of the system under consideration, e.g. the
Gibbs free energy or the entropy. I will refer to it as

P(X1, .., Xp) = /VP(Xl,...,Xn)dV. (4.1)

Here P is the respective density function. Xi, ..., X,, constitute the set of
relevant extensive variables normalized to a unit volume. Within this section
I assume X; to be locally conserved. Because of the identity

or
dP(Xy, ... X, )— >

=1

—dX; = Z FidX; (4.2)

the total density flow Jp of P results from the density flows J; of X; as

n

Jp=Y FJi. (4.3)

=1

Here the conservation equations which have to be fulfilled by the extensive
variables can be written as

X .
a@t (i=1,..,n). (4.4)
Therefore the rate of the total productlon 2 per volume element obeys the
equation
. dP oP
P=— = —+V.J 4.5
t o TV oOr (4:5)
= 0X;
@)i@ E (Fi—at +(VF)J, + BV - 1)) (4.6)

ey zn:(VFi)J,- . (4.7)
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((VF;) are called affinities of the potential.) Now assuming that the system
under consideration is a Markovian system and that the flows J; depend only
on the actual values of the F; as well as on the affinities, one can write

Je =Ji(VFy, ... ,.VF,, F1,...,F,) . (4.8)

Since we are close to thermodynamic equilibrium it is justified to expand Jy
around its equilibrium value J; = 0 and to neglect second and higher order
terms. The assumption that vanishing affinities also imply vanishing J yields
a gradient expansion

> LaVF, (4.9)

i=1

with 53
Lip = ———F 4.10

L;j, are called Onsager coefficients. Wlthm the context of the following they
obey the Onsager reciprocity relations [227]

Lir, = Ly . (4.11)

Inserting relation (7)) into continuity equation (£:4)) yields the desired trans-
port equations

X n
8 —k Zv LixVFE) (4.12)

A second way to obtain this transport equation is based on the principle
of minimal energy dissipation postulated by Onsager as well [227]:

/ ®dV = extremum , (4.13)
v

where @ is the so-called dissipation function. Within the context of evolution
of conserved extensive quantities @ is defined as

20 = — En: Lix(VE)(VF) = P. (4.14)

ik=1

When applying the variational principle one has to take into account, that
the interest is not to obtain a free extremum of ({I13). Rather ({I3) has to
be solved together with the condition

P =20, (4.15)

since only expressions satisfying the linear thermodynamic relations proposed
by Onsager qualify as solutions. Introducing the Lagrangian parameter A one
obtains
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5/ 4+ \(20 — P)dV =0 (4.16)
1%

oD P oP
/V (a(vﬂ_) + A (28(VF1_) — c’)(VFz-))) S(VF)AV =0, (4.17)

respectively. Since the latter equation has to be fulfilled for all virtual dis-
placements 6(VE;), (1) and (#I4) can be employed to formulate

or

—(2A+1) > Li(VE)(VFp) =AY VEJI; =22 A+1)0-\P =0. (4.18)
i,k=1 i=1

Comparing this with (@IH) yields A = —1. Finally inserting into ({16 results
in the free variation equation

5/ (P—®)dV = 0. (4.19)
v
Now (4.7)) and ([I4)) together yield

0= 5/ ZJ VE + = Z Lip(VF)(VF)dV (4.20)

zkl

n 1 n
= —5/‘/ ;(VJi)Fi ~5 > Li(VE)(VFy) p dV

ik=1
+57{ > J;Fds. (4.21)
oV =1

The variation over the surface integral vanishes, since the boundaries of in-
tegration are fixed. Together with continuity equation (4] this yields

s

with Lagrangian density
L= F+ 550 Lin(VE)(VE).
To fulfill (£22), the Euler-Lagrange equation given by

oL d oL d 0L d 0L
OF, dzp9fs  dyodfs  d- 9%k

1 n
Fit= S Li(VE)VE) $dV =0, 1,22
1 QMZZI k(VF;)(VFy) (4.22)

=0 (4.23)

has to be satisfied. Here x, y and z are the relevant space variables. The
variation has to be carried out solely with respect to the F;. The gradient
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terms, which denote the driving forces of the system, are not taken into
account. For this case the Euler—Lagrange equation can be rewritten as

oL 0 0L 0 0L 0 0L

C Or ~ 9y ~ 3, =0. 4.24
OF.  0r 9%k dy ook 0z 99k (4.24)
This results directly in the desired transport equations:
8X -
o Z V(LikVE;) (4.25)

Obviously [2R) is identical to ([@I2), thus revealing the equivalence of the
two approaches.

4.1.2 Extension to Non-conserved Quantities

If the density function P of the last section does not only contain conserved
quantities { X1, ..., X;,, }, but also non-conserved quantities {Y;, 41, ..., Y }, the
calculations of the previous section have to be extended. In this case one can
write

P=P(Xy,.; X0, Yini1,, Yo ) (4.26)

In direct analogy to the procedure of the previous section the extended forms
of (2), (EY) and (ET) can be obtained as

AP(X1, e, Xoms Yin1 oos Vi)

oP " 9P
e dX +j_%:+18Yi T (4.27)

Ms HMS

FdX, + Z G;dY; (4.28)
1 j=m+1

2

Jk:Jk(VFl,.. VFm,VGm+1, VG, Fry ooy Foy, Gong 1, .., G (4.29)

ZLMVF — Z LixVG; . (4.30)

j=m+1

In (@29) and (@30) flow functions Jj can only be formulated for conserved
quantities, thus index k runs from 1 to m. Inserting the above relations into
the continuity equation results in the transport equations for the conserved
quantities of the system

an Zv (LixVF;)+ Z V(LjxVG;) (k=1,...,m). (4.31)
=m-+1

We are left with looking for transport equations for the non-conserved quan-
tities. Generally temporal changes of the Y; depend on all of the F; and G;.



36 4. Thermodynamic Concepts of Phase-Field Modeling

Since we assume that deviation from thermodynamic equilibrium is small,
it is sufficient to consider only non-vanishing terms of leading-order in Fj
and G;. At thermodynamic equilibrium P takes an extremal value, so that a
necessary condition reads

0P _ 8P _
5X; oY,

(4.32)

(The extremal principle underlying this formulation and its relation to the
Euler-Lagrange equation is elucidated further in Appendix A of this chapter.)
If these conditions are not fulfilled for all Y}, usually the system has to be
considered as driven out of equilibrium. As a consequence the Y; will display
variations in time. Therefore, within the framework of linear approximation,
we can assume

oY% 0P

forall k € {m+1,...,n}.

If the equilibrium state is perturbed by deviations of one conserved quan-
tity it is not sufficient to change 5 5—7) (as one can take from the continuity
equation). Rather the gradients of thls quantity have to be varied as well. To
ensure spatial isotropy of temporal changes in the non-conserved quantities,
to leading-order the dependence on the conserved quantity has to satisfy

Y, o 0P
<V X,

Together (@31, (A33) and (£34) result in

(i=1,..,m). (4.34)

X = 5P 6P B
- = ZV(LMV(SX j ;ﬂv jkvéy ) (k=1,..,m)

0Y - 5P
=* ZmGV— Z(xjkéy) (k=m+1,...n).

j=m+1

(4.35)

Here the non-diagonal elements L;; and x;; (¢ # j) describe cross coupling
effects. In the framework of solidification these are known to result in the
Soret [177] or the Dufour [152] effect.
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If one assumes the system to depend on one non-conserved quantity &
and two conserved quantities C' and ) only, as well as the energy functional
to depend explicitly on the space-dependent observables and their gradients
only, the impact of the cross coupling effects can be analyzed starting from
the quadratic approximation

P= ‘21452 %(V@)Q As

= YoLNE ﬂ(VC) Q2 + —(VQ) (4.36)

Again a close-to-equilibrium condition is assumed. The dynamics resulting
from this reads as follows

b
0

/€11(A2V2 — Al) 512V2(A3 - A4V2) /€13V2(A5 — AGVQ) (0]
—Ly1V2(A; — A3V?) Loy V2 (As — AyV?) LysV2(A5 — AgV2) | | C©
—L31V2(A; — A3V?) L3y V2 (As — AyV?) LasV2(A5 — AsV2) ) \ Q

Employing the ansatz

@ AN
C|=|cCo|errtet (4.38)
Q Qo

a periodic perturbation of the equilibrium situation with growth rates in
terms of the wave vector k can be carried out. Assuming constant phenomeno-
logical coefficients, ([£37) and (£3])) result in

w + Iill(Al + A2k2) 14312(143]{}2 —+ A4k4) K13 (A5k2 + A6k4)
det L21(A1/€2 + A2k4) w + L22(A3k2 + A4k4) L23(A5k2 + A6k4) =0
L31(A1k? + Ask?)  Lao(Ask® + Agk?)  w+ Las(Ask® + Agk?)
(4.39)
with k& = |k|. If k represents a wave length which is large compared to the
system’s inherent length scale‘ terms of fourth order in k& and higher can
be neglected. Thus the above determinant yields:

0=w?+ (k11(A1 + A2k2) + L22A3k’2 + L33A5k2)w2
+(L22As + L3z As)k11 A1k w

with three solutions

0
w = —:‘iu(Al + A2k2) + O(k’4) . (440)
—(L22A3 + L33A5)k‘2

! as e.g. the capillary length (i.e., k < 1)
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According to this result, for & < 1 the growth rate w depends only on the
potential parameters A; as well as the phenomenological coefficients k11, Lo
and L33, thus the diagonal elements. The dependence on non-diagonal ele-
ments is of higher order. Therefore it is justified to neglect the cross coupling
terms in (£.35).

Moreover one can deduce from the fact that (£40) is independent of Ay
and Ag that the dependence of the energy functional on the derivative of
the conserved quantities can be neglected as well. Thus the dynamics of the
locally conserved observables in (f.37) is reduced to a diffusion equation?.
Defining

Lk = ka ) Rk = Rkk (441)
(E35) can now be simplified to read
X )
Xk _ 9w 2y (h=1,..m)
o, P -
o __(Hkﬁ) (k=m+1,..,n).

Here the L are — apart from a term resulting from the derivative of the
variation — identical with the diffusion constants Dy,.

The diffusion constants Dy usually depend on the X, too. E.g., for mass
transport in dilute binary mixtures the diffusion constant is proportional to
the impurity concentration C'. This can be obtained from setting the flow
density proportional to the product of a mobility assumed to be approxi-
mately constant and the concentration [185, 210, 295]. Within this limit the
thermodynamic potential contains a term proportional to C'In C'. As a conse-
quence the dynamics of the concentration field is that of a diffusion equation
with an effective constant diffusion coeflicient.

Equations ([35) and ([#42) — depending on whether one intends to in-
clude cross coupling effects or not — contain the basic variational principles
underlying the concept of diffuse interface modeling developed in the follow-
ing.

4.2 Introducing the Phase-Field Variable &

The previous section gave a description of how transport equations of a ther-
modynamic quantity can be obtained by the variation of an appropriate ther-
modynamic potential with respect to that variable. The introductory chapter,

2 If one is explicitly interested in a study of cross coupling effects, terms of order
k* have to be taken into account. As a consequence the “diffusion equation” has
to be supplemented by V*-terms, as well.



4.2 Introducing the Phase-Field Variable ¢ 39

on the other hand, gave a notion of a phase-field variable @ as an essential
ingredient of diffuse interface models. Thus if variational principles are to be
employed to obtain diffuse interface models, the thermodynamic potential
has to be a function of the phase-field variable, too. Accordingly one would
formulate an ansatz:

P(le'~'aXmaYm+17"'7)/n7¢) :/ P(X17"'7XmaYm+1a"'7Yn7¢)dv :
\%

(4.43)
The inclusion of @ into a thermodynamic potential as in (E43) refers back
to work done by Fix [119], by Langer [200] and by Collins and Levine [74]
in the eighties. The basic idea seems to have been introduced by Landau
and Khalatnikov [271] in 1954 to formulate their theory for the absorption
of sound in liquid helium. Since then it has been used and developed further
by several authors (e.g. [33, 124, 263, 273]) in the context of phase transi-
tions. In this context basic ideas were formulated by picturing the underlying
thermodynamic potential P to be the Gibbs’ free energy G with free energy
density G.

Extending the Landau—Khalatnikov ansatz to describe non-equilibrium
growth phenomena is motivated by the success of introducing such an ad-
ditional order parameter @ in the context of the above equilibrium ther-
modynamic phenomenzﬂ In the sense that for non-equilibrium systems the
&-dependence of the Gibbs free energy cannot be obtained from microscopic
first principle considerations, this introduction of ¢ remains phenomenologi-
cal. Certainly this raises the question how to verify models based on a poten-
tial as given in (@43]) in a non-equilibrium system. Different approaches to
handle the question of verification have been pointed out in the introductory
chapter of this work. Here I will describe the basic ideas of how to construct
an appropriate @-dependence of the energy functional based on work done
by Cahn and Hilliard [54, 55] and Allen and Cahn [7]. Further-reaching ver-
ification issues will be treated in succeeding sections.

In its generic form the Cahn—Hilliard equation reads

oC
ot
As such it describes the evolution of a conserved concentration field C' dur-
ing phase separation. M has to be understood as a constant mobility, f is

a free energy. The term £cVAC arises as a “penalty” term from the extra
energetic cost associated with the transition region between the two phases.

= Mc (V?f(C) — £&cV*0) . (4.44)

3 Note that to derive the transport equations of a thermodynamic field in the
context of a moving boundary system, there is an underlying assumption of in-
stantaneous relaxation of fields to the respective interface position. In that sense
the assumption of being close to local thermodynamic equilibrium as necessary
for the calculations of the previous section, still holds for those fields. It is the
moving interface itself which turns the system into a system which is driven out
of equilibrium globally.
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The Cahn-Hilliard equation applies for example to the phenomenon of spin-
odal decomposition. This is discussed in more detail in Appendix B of this
chapter.

The Allen—-Cahn equation, on the other hand, describes the evolution of
a non-conserved order field during anti-phase domain coarsening. Amongst
others things it has been used as a model equation for grain growth. A detailed
description of this example is given in Appendix C. In its generic form the
Allen—Cahn equation can be written as

9 _

ot Mn (f’r}v277 - f’(ﬁ)) . (4'45)

Here 7 denotes a local order parameter. It can be identified with the phase-
field variable @ appearing in the context of diffuse interface modeling. One
would picture the latter to vary smoothly from a fixed value in one phase to
another fixed value in the other phase as pictured in Fig. €1l

Liquid

L Interface i

Solid l

X

Fig. 4.1. In the context of diffuse interface modeling the phase variable @ varies
smoothly from a fixed value in one phase to another fixed value in the other phase.
Here @ = —1 is chosen to represent the solid phase, & = 1 the liquid phase.

The Cahn-Hilliard equation ([€44) and the Allen-Cahn (E4E]) equation
differ from each other by the fact that the former satisfies an additional
conservation condition. The diffuse interface models derived from a Cahn-—
Hilliard equation can be generalized to the viscous Cahn—Hilliard equations.

41 refrain from calling @ itself an order parameter to point out the difference
between equilibrium phase transitions and the conditions of interfacial growth,
i.e. a non-equilibrium conditions in which the introduction of @ has to be moti-
vated slightly differently than in the context of the former. This is discussed in
some more detail in the remainder of this section.
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These contain the Cahn—Hilliard equation and the Allen—Cahn equation in
respective limits. In that sense both equations can be treated equally on the
basis of one generalized diffuse interface approach. The basic feature of such
a generalized description assumes that G is controlled by one contribution
originating from a potential V' (®) which has two local minima at @, and &g.
@) and dg refer to the two separated phases, here liquid and solid. They
are also the two homogeneous state solutions the system can take. In the
following I will assume @5 to be —1 and @y, to be 1. V() is given by a
double-well potential as depicted in Fig. {.2]

=1 ¢

Fig. 4.2. The solid line visualizes the double—well potential V' (®) with the two
minima at ® = —1 and @ = 1 representing the homogeneous states ¢s and @,
respectively. The dashed line, on the other hand, displays how this potential is
unsymmetrized to favor one of the two phases and thereby trigger its growth at the
cost of the other. This effect is due to the contribution from M ().

Assuming that @ is an analytical function of space and time, V(&®) can
be expanded into a Taylor series. Such an expansion up to fourth order in
@ yields a double—well potential. Terms of uneven exponent vanish, since
V(®) represents a symmetric state, in which the two different phases are
energetically equal. As a consequence V(&) has to be invariant with respect
to the transformation ¢ — —@&. If the two minima of V(&) define the energy
level 0, then V(&) reads

V(®) = %(@2 —1)%, (4.46)
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with a scale factor V4. Dropping the assumption that V() originates from
a Taylor expansion, and retaining only the requirement of two minima at
+1 [23], one can define V(P) section-wise as a construct of two parabolas [37,
38]. In that way it is possible to avoid a @3 inhomogeneity in the derived model
equations, which renders analytical treatment more difficult. For numerical
simulations, on the other hand, the instability at the crossing point of the
two parabolas is undesired, so that for those one usually uses a form of V()
as given by ({40).

To be able to consider inhomogeneous states as well, the energy density
functional has to depend also on the gradient of the phase-field variable.
Lowest order terms which are compatible with invariance under rotation and
invariance under translation are V2@ and (V®)2. For the calculation of G
the relevant volume integrals of both terms proof to be identical except for a
surface integral. This surface integral, however, describes only boundary ef-
fects. It vanishes if the phase boundary is completely inside of the integration
volume and thus can be neglected. Therefore it is sufficient to simply extend
([E48) by (V®)? and express G as:

2

G(P,X,r) = %(w&)? +V(P), (4.47)
where I have summarized the variables X7, ..., X;, and Yy, 41, ..., Yy, of (£43)
as vector X and introduced the vector r to denote space coordinates.

The potential ([L47) still refers to an equilibrium condition. It is possible
to give a microscopic derivation for this potential as well. It can be obtained
on the basis of a lattice model for a two-component equilibrium thermody-
namic system [48, 93, 118, 154]. Within such a model each of the lattice
squares x of a rectangular grid is occupied by a variable ¢(x) € {—1;1}. The
variable ¢ distinguishes between the two possible states. For the energy of a
given configuration the following ansatz is chosen

= YT X)o6) ~ HY 6(x) (4.48)

x,x’

The first term denotes the interaction energy originating from the coupling
term J(x — x’), the second term contains the energy contribution from ex-
ternal fields.

Often it is feasible to treat ¢ as a continuous variable. In this case it
is necessary to include a function W(¢(x)). W is a weight function which
determines the physically favored values of ¢. With the introduction of W
one obtains the Landau—Ginzburg—Wilson functional as

G =5 3= X)o(0() ~ HY 600+ S W(o0x) . (4.49)

For W(¢(x)) a symmetric potential with second- and fourth-order terms is
the suitable form to describe a two-state system. For the case of a short-
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range interaction J(x —x’) (e.g. nearest neighbor interaction) as well as van-
ishing external fields, (Z49) can be transformed into a continuity equation
analogous to (47) (¢ — @) [48, 154]. Thus for thermodynamic equilibrium
configurations microscopic and macroscopic derivation yield the same ansatz
for G(®, X, r). Furthermore the microscopic approach provides additional in-
sight into the nature of diffuse interface models. It yields an understanding,
that the finite interface thickness of a diffuse interface model and the sur-
face energy term originate from finite correlation lengths on a microscopic
scale. Moreover — assuming nearest neighbor interaction and constant cou-
pling constant J — interface thickness and surface energy are proportional to
J.

For non-equilibrium conditions a coherent microscopic derivation is miss-
ing. From a macroscopic point of view, ({4Z) can be extended to account for
non-equilibrium conditions by introducing a further energetic term M (&, X)
such that
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2
The contribution M (@, X) depends on the special physical properties of the
system under consideration, e.g. the underlying phase diagram. Together with
V(@) this additional term M results in a double-well potential, which is no
longer symmetrical with respect to @ — —@. This is depicted in Fig. 2]
The dynamic equations obtained from (EA0) owe the driving force, which
moves the interface, to the term M (®,X). In this context the evolutionary
equation for the phase-field variable @ can be interpreted as a mean-field
approximation of the non-equilibrium interface dynamic.

Analytical as well as numerical treatment of model equations obtained

from (EE0) is simplified by the localizing of the minima of the unsymmetric
double-well potential V(@) + M (®,X) at £1. This yields

G(®,X,r) = > (VD) + V(P) + M(P,X) . (4.50)

OM (P, X)
0P

Equation (4E1)) has to be valid for arbitrary X. One can ensure the latter
choosing the ansatz

lpmin =0 (4.51)

M(®,X) = ZMqﬁ,k@)Mx,k(X) ; (4.52)

k=1

where DM (D
O | goa =0, (453)

In this way one avoids the undesired effect that within a pure liquid or a pure
solid, respectively, changes to the equilibrium value of the phase field result
in emission of latent heat.

If one would classify the dynamics of interfacial growth we are interested
in here according to a scheme of dynamic universality classes proposed by
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Hohenberg and Halpering in [146] B it would correspond to their “model C”.
A classification as in [146] can be done based on a thermodynamic functional
as G(X,®) in ([£47). However, the specific functional employed in [146] is
the Helmholtz free energy functional, which I will denote by A(X, ®) in the
following. Even without a precise expression for A(X, @) one can distinguish
between three different types of evolution equations obtained for the phase-
field variable @ in the following manner:

1. Model A states a purely relaxational evolution of @. It can be written

as 5
0P _ oA
ot 0P

Here K is a positive coefficient which might depend on @ and on the tem-
perature. Equation (@54) can be understood to model systems where an
internal order parameter expressed by @ characterizes a non-equilibrium
structure which eventuallyﬁ approaches an equilibrium value obtained by
minimizing the free energy function.

2. Model B applies to a system in which an order parameter represents an

equilibrium thermodynamic variable, e.g. the concentration. In this case
a generic evolution equation based on A reads

(4.54)

0P 0A

— =V - (MV— 4.55

=V (MY, (455)
where M is a positive coefficient related to diffusivity. This expression
was introduced by Cahn as a model for spinodal decomposition in 1961
[57].

3. Model C is the most specific of the three generic models. It describes
the dynamics of a system for which one order parameter as given by @
is insufficient to describe the local state of the system. Additional fields
need to be incorporated into the coupled model equations as well. The
most popular model for this case involves the temperature 7" in addition
to @ [143] and thus applies to solidification of pure undercooled melts:

0800 = &V 4 g(@) — J(T) (4.56)
of L 0d
TR T Vif. (4.57)

Here f is a strictly increasing function of the temperature, g is a negative
double—well function, «, £ and A\ are positive constants.

As stated above, the coupled set of equations (£56) and (£5T) can be
viewed as one of the first diffuse interface or phase-field models for interfacial
growth. Introduced in the same manner as by Halperin et al., it remains a

® An earlier approach in similar direction can be found in [143].
5 Here eventually refers to the limit t — co.
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phenomenological approach. The reason is that even though (58] is obtained
formally by carrying out a variation according to ([@42), (A5T]) is constructed
merely by common sense introducing the effects due to the moving interface
as source term /\‘?9—“;5 “by hand”. Moreover, strict relaxational behavior of the
potential during the course of evolution is not ensured. I will come back to
this point in the discussion following (.62).

In 1990 Penrose and Fife managed to place this model upon a formally
more rigorous foundation. To do so they expressed ({.56) and (£57) in terms

of an entropy functional (see [231], p.50). This results in

oP oS
209 _ 00
af 5 KMS (4.58)
ou 1
i —V(MVT) ) (4.59)

Here K and M are positive constants similar to those above, and w is a
homogenous energy density. In [231] (p.51) it is given by

dah(t,é)

u= f(T)(P)+eq = d% , (4.60)

where v and eg are defined as the number of degrees of freedom per unit
volume and the potential energy, respectively. an(t,®) is the homogenous
contribution to the Helmholtz free energy density. The entropy functional
defined by Penrose and Fife (see [231], p.49) reads

= Sl\u — 1~ 2
s_/v{ (u, ®) = ZE[V[*}dV . (4.61)

Here é = ¢/T. s represents the homogenous entropy density defined in the
usual sense via the thermodynamic relation
u  ap(t,d)
s=r T (4.62)
Thus applying standard thermodynamic relations to “model C”, Penrose and
Fife used homogeneous densities only.

The great difference between model equations ([f56)—(@E7) compared to
(ESR)—-@RY) is that the latter are thermodynamically consistent, whereas the
former are not. As introduced in Chap. 1 thermodynamic consistency refers
to a strict relaxation of thermodynamic potentials during the evolution of
the respective system.

The fact that models obtained from a Helmholtz free energy (like model
equations ({.56) and (£5T)) are not thermodynamically consistent, origi-
nates from the point that changes in temperature trigger changes of the in-
ner energy as well. Those changes would have to be integrated into the above
derivation. This happens naturally, if one transforms from the Helmholtz free
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energy as underlying potential to the entropy, as well as from the temperature
as independent variable to the inner energy density ulT

Remembering that in the beginning of this section the introduction of a
phase-field variable @ in non-equilibrium growth processes could be motivated
only phenomenologically, renders the concept of thermodynamic consistency
an important backbone of phase-field modeling. It places the usage of a phase
field upon a solid theoretical foundation. In this sense diffuse interface models
ensuring strict relaxational behavior of the potentials are more but a phe-
nomenological description of an interfacial growth problem.

However, keeping in mind that the classical approach to interfacial growth
problems, the so-called sharp interface approach (see Chap. 1), is phenomeno-
logical in nature, too, employing a diffuse interface approach, it might not
always be necessary to formulate the model to be thermodynamically consis-
tent. Just as well it can be justified to work with a phenomenological model
as “model C”, if the analogy to an established sharp interface model can be
proven via an asymptotic matching expansion as described in Chap. 5. From
a numerical point of view this is often more efficient. In this sense within
the numerical appendix of this book the concept of universality of different
diffuse interface models, thermodynamically consistent ones as well as phe-
nomenological ones, will be addressed for the very classical phenomenon of
purely diffusion limited growth. However, it has to be stressed again that the
methodology of thermodynamically consistent diffuse interface modeling is
the one, which opens new perspectives if diffuse interface modeling is applied
to more complicated physical systems. For such cases many important issues
are still researched. Chapter 6 will therefore address the topic of thermody-
namic consistency again in the context of an example, which demonstrates,
how the methodology can be used to learn more about the physics of more
complicated interfacial growth phenomena. The remainder of this chapter
will merely summarize some approaches to ensure thermodynamic consis-
tency developed so far.

4.3 Thermodynamic Consistency

As described in Sects. Bl and EZ2] the starting point to obtain the evolution-
ary equations of a diffuse interface model is given by the variational princi-
ples ([@.35) or (£42)), respectively. On the other hand, applying such meth-
ods to a somewhat phenomenologicallyﬁ introduced phase-field variable, does
not necessarily yield a thermodynamically consistent dynamics. This implies
that strict relaxational behavior of the thermodynamic potentials during the
course of evolution is not necessarily ensured. The first part of this section

7 just as it was done in (@5R) and @5I)

8 The notion phenomenological refers to the respective discussions in Sects. E1]
and 2.
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describes a comprehensive approach to extend the variational methods of the
previous sections in such a way that they guarantee conformance with ther-
modynamics. This comprehensive approach assumes that interfacial motion
is driven either by surface diffusion or by curvature. In that sense this ap-
proach is not suitable to model general interfacial growth problems. However,
it reveals two important aspects:

1. How kinetics can be integrated into a variational approach, and
2. how thermodynamic consistency can be guaranteed by a variational
method.

The approach ensuring the above is called gradient flow method. It was
developed intensively in the mathematical “moving interface” community
in the nineties [8, 63, 265, 268, 269]. An important concept, which arose
along with that development is the Cahn—Hoffmann capillary vector to model
anisotropic surface properties in the context of curvature driven interfacial
motion [58, 59, 145, 267]. It is an essential ingredient of any diffuse inter-
face model for interfacial growth phenomena, which is meant to recover the
anisotropy of surface energetics.

As mentioned before, for the inclusion of further physical mechanisms or
fields (e.g. a hydrodynamic field) a comprehensive approach is still missing.
Nevertheless by expressing local entropy production in terms of the trans-
port quantities of derived evolutionary equations and identifying the forms
of these quantities which ensure it to be non-negative, consistent diffuse inter-
face models have been obtained for even more complex systems. One example
along that line is the approach by Anderson, McFadden and Wheeler to solid-
ification taking into account hydrodynamic convection [15]. In this case the
analysis, in which the thermodynamically consistent diffuse interface model
emerges, is case sensitive adapted to the individual physical situation. As an
example for such a case sensitive ansatz compared to the above comprehen-
sive framework, the main steps of their model approach is summarized in
the second part of this section. The question of what remains to be done to
find a general approach for any interfacial growth phenomenon, complex as
it might be, is left to Chaps. 6, 7 and 8.

4.3.1 The Gradient Flow Method

The basic idea underlying the gradient flow method is to guarantee consis-
tency with the laws of thermodynamics by constructing a gradient flow which
decreases the energy as much as possible at a given time step. This gradient
flow is obtained from an inner product which yields a kinetic measure of the
time it would take for a system to evolve from one microstructure to another.
Mathematically its derivation reads

0A

50 L =(VA,v). (4.63)
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Just as in the previous sections A can be understood to be the functional of a
free energy density. For the inner product (V.A,v) a norm has to be specified.
VA will depend on the choice of the inner product, i.e.

(VA ) = (V) A 0) . (4.64)

The most important norms for the discussion of interfacial motion are the
L?2-norm and the H~!-norm defined by:

(fiv)pe = f-v= /vadV 7 (4.65)

oo = [ Vorve,av == [ (997w, (160)

1% 1%

where ¢ is a solution of the Poisson equation
Vo = f(x). (4.67)
Applying this formalism to interfacial motion triggered by surface diffusion,

weighting of the inner products with a function M(r) allows me to take into
account anisotropic mobility constants. This modifies the inner products as

(fsv)rem = /V%dV, (4.68)

(fyvyg—1 = —/V [(VMV)~ flodV . (4.69)

In analogy to the discussion following (£.54) of Sect. [£2] for the free energy
density an ansatz a(¢(r)) = ap + £2I'(V$) can be chosen. It enters (d.G4)
via the functional A = fv adV. Here the dependence of ¢2I'(V¢) on the
direction of V¢ is directly proportional to the orientational dependence of the
anisotropic interfacial energy density [268]. As in Sect. ap, does not need
to be specified any further. It is the choice of a specific norm which results in
a specific kind of dynamics. An underlying H~'-norm, for example, yields a
generalized anisotropic Cahn-Hilliard equation (see (£.44))

oC

On the other hand, applying the L2 norm for a non-conserved parameter
n generalizes the Allen—-Cahn equation (see (£45])) to anisotropic surface
physics yielding

0

S5 =My (VIT' = f'(m)) . (4.71)
Other specifications of 4 will result in still different dynamical behavior, e.g.
purely relaxational kinetics or the Mullins surface diffusion equation [222]. In
any case the dynamics is obtained in a thermodynamically consistent formu-
lation. In this sense and in the sense of inclusion of anisotropic surface physics,
even if only applicable to a very restricted set of physical situations, (Z.64])
results in a more advanced variational approach than the “model C”—type of
approach of the previous section.
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4.3.2 Entropy Production in Terms of Transport Variables

Since the above gradient flow method does no longer hold, if one turns to
more complicated interfacial growth phenomena, one is left with the varia-
tional principles of the previous sections and has to ensure thermodynamic
consistency additionally by hand. One way to proceed is to follow the formal-
ism of irreversible thermodynamics [91] and embed the variational principles
applying to diffuse interface models into this framework. This procedure is
for example underlying the work, by which Penrose and Fife managed to
put “model C” onto a more fundamental foundation [231] (see Sect. E2). It
has been introduced to different growth conditions treated on the basis of
a diffuse interface approach by several authors since [283, 289]. In a similar
manner one might start from transport equations obtained via balance law
formulations, express local entropy production in terms of the transport vari-
ables and identify the forms, which ensure it to be non-negative. To illustrate
this procedure here the basic steps to derive a diffuse interface model for
solidification influenced by hydrodynamic convection presented by Anderson
et al. [15] are summarized in the succeeding paragraphs:

Following [15] I assume that the total entropy S within a volume V() is
given by

S= [ps - lfgﬂ(w&) dv . (4.72)
V() 2

Here p and s are density and entropy per unit mass, respectively. The first
term in the integrand (i.e. ps) is the classical entropy density. The second is
a non-classical term associated with spatial gradients of the phase field. For
simplicity the gradient entropy coefficient £g is assumed to be a constant. I
is a homogeneous function of degree unity. As introduced in Sect. EE37], this
function allows for a general anisotropic surface energy of the solid-liquid
interface.

For the total mass M, linear momentum P and internal energy £ associ-
ated with the volume of the material the following ansatz is chosen:

M= pdV | (4.73)
V(t)
P = pudV, (4.74)
V(¢)
1 1
E = / {pe + =plu* + ZEET2(VP) | dV. (4.75)
Ve 2 2

Here u is the velocity, e the internal energy density per unit mass and £g the
gradient energy coefficient, which is assumed to be constant. The thermody-
namic relations

Je
0P
e =Ts—plp+u (4.77)

de = Tds + [%d,o + %o, (4.76)
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are assumed to apply locally, where p is the thermodynamic pressure and pu
the chemical potential per unit mass.

The physical balance laws for mass, linear momentum and internal energy
are given by

dM
=0 4.78

- , (478)
dP
il - / f-mdV (4.79)
d& . A
— + qpidA = A-m-udd, (4.80)
dt  Jov oV (t)

respectively. Here fi is the outward unit vector normal to OV (t), m the stress
tensoﬂ, and qg the internal energy flux. Momentum balance given by ([Z79)
requires that the total momentum rate—change of the material’s volume re-
sults from forces acting on its boundary 9V (t). External forces such as grav-
ity are neglected. The equation for energy balance (L) equates the rate of
change of the total internal energy of V(¢) plus the energy flux through its
boundary to the rate of work of the forces at this boundary 0V (¢).
In addition, entropy balance is given by

- + qsidA = / §rodqv(t) (4.81)
oV (t) V(t)

where qg is the entropy flux and $77°¢ the local rate of entropy productior@.
The second law of thermodynamics requires it to be non-negative.

To proceed, Anderson, McFadden and Wheeler rewrite the conservation
laws (IT8)-(ZX1) as differential equations. These are used to express the
local entropy production in terms of the fluxes m, qg, and qg, as well as
the material derivative of ¢ which is given by D@/Dt = %—f + (u-V)®. Then
they identify forms for these quantities which ensure that the local entropy
production is non-negative. The fluxes that result from this procedure involve
both classical and non-classical contributions. In addition, they obtain an
evolution equation for the phase field.

Applying the Reynolds transport theorem [19] to the mass balance law
[#2q) yields the continuity equation in its conventional form

Dp
Dt
9 Tensors and vectors are both denoted by bold print. The only exception is the
linear momentum P, which for clarity purposes is expressed with a vector symbol
to distinguish it from the scalar functions M, £ and S expressed in calligraphic
letters as well.
10 Note that due to the evolving boundary V (¢) is changing in time. For simplicity
I will drop the dependence on t in the following.

+pVu=0. (4.82)
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Again the material derivative % = % + (u- V) has been used. Similarly, the

linear momentum equation yields the expression
Du
— =V -m, 4.83
D m (4.83)

where V- m has components 0mi/0z; (m;i denotes the components of m).
The derivation of the energy equation is more involved. It requires to cast

#80) into

De Du d 1
8 V.(mou)+Vap|dV + = [ SE2D2(VE)AV = 0.
/V{ + pu ; (m-u)+ qE] erT/VQSE (VO) 0

"Dt
(4.84)
Further the identity
d 1.5 9
- | 58I (VO)dV = | (pQedV, (4.85)
dT Jy 2 v
which is proven in the appendix of [15], is employed, where
Do D¢ 1
Qe =V- <F2Dt> ~ 5V X) - IVu: S @ Vet 21V u. (4.86)

Here ® refers to the outer tensor product and : to the double contraction
of the tensor product. X' denotes the Cahn—Hoffmann capillary vector men-
tioned in the introductory part of this section. It follows that

De Du

p— 4+ pu— —V-(m-u)+ Vg +£2Q5 =0 . (4.87)

Dt Dt
Conservation of linear momentum as given by (£83]) can be used to rewrite
this equation as

De

oy s (Vom) =V (m-u) + Vg + Q6 = 0. (4.88)
With the identity
V-m-u)=(V-m)-u+m:Vu (4.89)
this simplifies to yield the energy equation as

De
PD7t+V'qE:m2VU7£%QQ, (490)
where the double contraction of the tensor product is given by m : Vu =
my;O0u;/Oxy (with summation over repeated indices implied). In direct anal-
ogy, entropy balance as given by (H.&1]) results in

Ds

pp; TV ds =5+ E5Qc - (4.91)
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The thermodynamic relation between Ds/Dt and De/Dt follows from (Z7G).

It is given by

De _Ds pDp 0deD®
"D = 'p¢ T 2 De T 9a Dt (4.92)

At this point the continuity equations (E82) and (ER6), as well as (£90) and
(#92) can be employed to express entropy production as

2
gprod — ;{m+£FFE®V@+[ %FQ] I}:Vu

1, de | DO
5 {fFV(FE) - Pa@} vy

. _‘LE_QF
v (5 T T EDt)

(qE +€EFEI])§> V(%) . (4.93)

Here 2F = 2E + T2S.

The constitutive equations for the fluxes and D®/Dt can still be specified
ensuring positive §77°¢

2
m = { _%F2}1—5%F2®v¢+7, (4.94)
Do 9 Oe
Mﬁ =VIY) - pa@ J (4.95)
-1, D&
1 Do
ds = stE* (4.97)

Here 7 is the viscous stress tensor7 which for a Newtonian fluid is given by

= p(Vu+Vu?)+ A(Vu)L. g and X are coefficients of viscosity, I is the unit
tensor, and M is a constant positive mobility coefficient. Moreover, a constant
value for the thermal conductivity k is chosen corresponding k = T2k. The
resulting coupled set of equations is given in [15] by

Dp
D - —pVu, (4.98)
D 2
pDi‘t‘ -V [(_p+ %“F2> 1—§%F2®v¢+7} : (4.99)
Do Oe
M _ 2 (X)) — p— 4.1
D =&V (I2) - pgg (4.100)
De 5 D@
Poi T V- [kVT] + &5V - (Fz)th

2
+ Kp + 525F2> I-TErY Ve + T] :Vu. (4.101)
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Equations (Z398)-EI0) constitute a diffuse interface model for hydro-
dynamically influenced solidification. It is a thermodynamically consistent
model. Here its derivation serves as an example for a second approach to
ensure thermodynamic consistency after the discussion of the gradient flow
method in Sect. [£3.1] It is carried out by expressing entropy production
in terms of the transport quantities of derived evolutionary equations and
identifying the forms of these quantities that ensure that the local entropy
production cannot be negative. One can interpret the thermodynamic con-
sistency of (£98)-(I01) as a validation of this model. On the other hand,
analyzing such thermodynamically consistent model equations based on the
method of matched asymptotic expansion (see Chap. 5) might revise clas-
sical sharp interface equations and thus contribute to new insight into the
respective interfacial growth phenomena as I will demonstrate in Chap. 6.

4.4 Appendix

Appendix A: Excursion to Some Basic Calculus of Variation

To derive appropriate transport equations for non-conserved thermodynamic
variables, in Sect. fL1.2] we started out from the consideration, that directly at
thermodynamic equilibrium the potential P should take an extremal value.

P is defined (see (@) and ([@26)) as
P(X1, s Xons Vi, ooy V) :/ P(X1, e Xy Vi, Vo)AV, (4.102)
%

where P is the respective density function, the X; with ¢ = 1, ..., m conserved
variables and the Y; (j = 1,...,n) non-conserved variables. Then requiring

P(X1, .0y Xpm, Y1, ..., Y,) = extremum (4.103)
is formally a classical variational problem. We could rewrite the variation gs—;;
within ([f32) as

oP d
= —P(X; . , 4.104
50 L PXi+sm) . (4.104)

where the variable 7 is defined on V' (just as the X; and Yj;). If X; minimizes
(maximizes) P, then % = 0 for all such 7. The classical strategy for solving
the problem

P < minimum (4.105)

consists in solving the respective Euler-Lagrange equations and then inves-
tigating whether a solution of the equations is a minimum of P or not. As-
suming that the X; depend solely on the time ¢, the corresponding Euler—
Lagrange equations read:
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G By X0, XI0) - P X0.XI0) =0, (4106)
where P, is a vector of the partial derivatives of P with respect to the X; and
P, an analogous vector of the partial derivatives of P with respect to the X/,
which are the derivatives of the X; with respect to time. For a derivation of
the Euler—Lagrange equations the reader is referred to introductory courses
into classical mechanics as e.g. [134]. Here I will conclude this excursion on
variations with an example to elucidate the relation between an extremal
principle and the Euler-Lagrange equations somewhat further.

Example: The question I want to answer is how to minimize the arc
length of the graph of a function u : [a,b] — IR, i.e. the length of a curve
(t,u(t)), which is a subset of IR?, among all graphs with fixed boundary values
u(a), u(b). This leads to the variational problem

b
/ V1 + ()2 £ minimum . (4.107)

To compute the relevant Euler-Lagrange equation we first have to evaluate
the partial derivative with respect to u as well as the partial derivative with
u'(t)

V14w (8)2]

respect to v'. They read P, = 0 and P, = respectively. Thus the

Euler-Lagrange equation is given by

L4 ) 0
dt T+ w ()2 /1+u/(t)? ( 1+u’(t)2>3 ( |
_ u—(t>3 , (4.109)
( 1+ u’(t)Q)
L.e. u//(t) =0. (4110)

This implies that u is a straight line between a and b, which in this case is a
solution obvious at first sight.

Appendix B: The Cahn—Hilliard Equation

As mentioned in Sect. the Cahn—Hilliard equation is a model for the evo-
lution of a conserved concentration field C' during phase separation. Phase
separation might for example describe the change of a binary alloy from a uni-
form mixed state to that of a spatially separated two-phase structure. Such
a change occurs, if the temperature of the system is reduced rapidly below
a critical temperature T. Comparing the Gibbs free energy G belonging to
a two-phase structure to that of a mixed state results in the phase diagram
depicted schematically in Fig. The so-called “spinodal” and “conodal”
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Fig. 4.3. Phase diagram indicating spinodal line (inner curve) and conodal line
(outer curve). The lines separate regimes of stable, unstable and metastable con-
centration for a system undergoing phase separation.

lines separate regimes of stable, unstable and metastable concentrations, re-
spectively.

In Fig. [£4] the temporal evolution of a binary alloy into a separated two-
phase structure starting from a mixed state is displayed. The red and green
coloring indicates, which of the two phases is dominant. Taking into account
the actual value of the dominant phase, the blurred phase transition and the
intensity of the coloring give an impression of the state of the separation.

Appendix C: The Allen—Cahn Equation

In contrast to the Cahn—Hilliard equation, the Allen—Cahn equation describes
the evolution of a non-conserved order parameter field. This applies for exam-
ple to the growth of grains in a crystalline sample. If we consider the sample
to be composed of several grains, then surface motion does not necessarily
have to conserve the amount of material within each individual grain. The
total energy of the system would be the sum of the surface energies of the
grain interfaces plus the bulk energies of the phases, i.e.:

F= Zﬁ:/xes(m Yap(nap(x))dA + Z/Va FodV . (4.111)

At grain junctions usually several equilibrium configurations are possible
depending on the shape of the grains. Assuming all grains to be regular
octagons, three different equilibrium configurations might arise (Fig. [£5).
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Fig. 4.4. Phase separation of a binary alloy as modeled by the Cahn—Hilliard
equation (£44). The single pictures within the figure represent consecutive states
of the system during its temporal evolution from a mixed state (upper left picture)
towards a separated two-phase structure (lower right picture). Each snapshot de-
picts spatial domains for which the two colors red and blue indicate a dominance
of either of the two phases. The transition occurs smoothly via yellow and green
with respective shading.

.(a) | \((c) (d)

(b)

Fig. 4.5. Equilibrium configurations at grain junctions picturing all grains as
regular octagons. (a) Geometry of the grain itself. (b)—(d) The three possible con-
figurations at the junction points for this underlying grain geometry. From point of
view of energetics other configurations as —< are identical to the ones depicted in
(b)—(d) due to the parity symmetry of the system.
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The number of equilibrium triple junctions is even larger if grains are assumed
to be regular hexagons. The six possible configurations belonging to this case
are depicted in Fig. [£.6l

To determine the temporal evolution of such interface configurations one
can employ the following variational formulation: The minimum of

1
F, — 4.112
(VEV) + 5 (v,v) (1112)
occurs at v = —V F'At. Moreover, the energy change F'(Sy)—F(S) for moving
an initial surface configuration S to a new surface configuration S, is well
approximated by (VF,v). Thus one can obtain an iteration for the evolution
of the interface configuration by minimizing

F(Sy(0)) — F(S(0) + —— (v, v) . (4.113)

1
2A¢
Here S(0) is an arbitrary initial configuration. This procedure has to be
applied to the configurations S(n - At) (n = 1,2,....) until convergence is
obtained.

Now given a line segment S; within a two-dimensional interface config-
uration S,g, the energy change for moving segment S; in normal direction
over a distance v; is given by v;(f;+ — fi—). Here f;+ can be obtained from
geometrical considerations. This is illustrated in Fig. [47, where n = n(S;)
refers to the normal of line segment S; and I; to its length. Formally one

@ )\ XK
(@) ® @ @ ©@ o

Fig. 4.6. Equilibrium configurations at grain junctions picturing all grains as
regular hexagons. (a) Geometry of the grain itself. For this kind of underlying
grain geometry six different configurations at junction points are possible. They
are displayed in graphs (b)—(g). Again other configurations as —< can be mapped
onto the ones depicted here due to the parity symmetry of the system.

may write

fi+(Si) = 0ix (Yap(nix) — mni1v45(n)) /+/1 — (nn;4)? (4.114)

Thus the expression to minimize is

1 UZ-Q : lz
Z (vl(fl-l-_fz—)_A}—zlz“rwj\ﬂn(Sl))) . (4.115)

%
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Fig. 4.7. Sketch of how the geometry at a junction point determines the contribu-
tions to the energy configuration of a line segment S; given by f;+ — fi—. Here the
corner labeled by n;y is depicted. Thus the figure displays the geometric quantities
applying to the calculation of f;+. In a similar manner f;_ can be obtained from
an analogous construction at the left grain corner of line segment S;. fit is deter-
mined from the line tension in direction of n;, i.e. ya3(n;y ), minus the line tension
Yap(n) projected in direction of niy, i.e. yog(n)nn;;, normalized with respect to

I~ (nniy) (see (III)).

S;

Carrying out the minimization results in
v; = M(n(S;)) | AF; — 3 At . (4.116)

One recognizes its equivalence to the Allen-Cahn equation (4.45) by iden-
tifying v; in the final expression (ZI16]) with % in (£45) and realizing that
% = —VF. This in turn implies that the Allen—-Cahn equation contains all

of the features of non-conserved grain growth discussed above.



5. Asymptotic Analysis

The previous chapter was devoted to a detailed discussion of the thermo-
dynamic concepts underlying the formalism of diffuse interface models. This
chapter, on the other hand, introduces a further method required to employ
diffuse interface modeling to gain new insight into interfacial growth phe-
nomena: This is the method of matched asymptotic expansion. Classically
this method is employed to establish the equivalence of sharp interface and
diffuse interface models and thus is an important concept to validate diffuse
interface models. I introduce the method of matched asymptotic expansion
in Sect. 1] within the general mathematical framework of matching to pro-
vide a comprehensive background for its application in the context of diffuse
interface modeling. This section is succeeded by the discussion of a diffuse
interface model for thin film epitaxial growth, which serves as example for
the use of the asymptotic matching method purely for validation purposes.

On the other hand, as mentioned in the introductory chapter, an asymp-
totic analysis can also serve to find or at least reconsider sharp interface
models of growth phenomena for cases in which the latter are not well estab-
lished. A necessary requirement to employ diffuse interface models for this
task is to ensure thermodynamic consistency of the diffuse interface model.
Usually this is an additional step yielding further restrictions after the diffuse
interface model has been established via a variational procedure as described
in Chap. 4. In this context an analysis ensuring thermodynamic consistency
automatically would be very desirable. Only lately such a generalized analysis
could be formulated for a restricted class of interfacial growth problems [102].
It is described in detail in Sect. [5.3] Finally, in the discussion section at the
end of this chapter, the methods presented here are placed into the overall
context of diffuse interface modeling.

5.1 A Formal Mathematical Approach
Towards Matching

The following is a mathematical excursion about matching. It contains the
precise mathematical definition of matching and thereby provides the formal
framework of the method of matched asymptotic expansion. As indicated in

Heike Emmerich (Ed.): LNP m73, pp. 59-96, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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the introductory chapter within the context of diffuse interface modeling only
recently one has considered the relevance of higher order matching conditions.
From point of view of the underlying mathematical theory obtaining relevant
matching conditions does not only depend on determining relevant orders of
the expansions, but also on the construction of extended domains of validity.
In the following this issue is discussed in its formal mathematical framework
and illustrated by hand of a simple example. The discussion of this formal
framework follows [31, 115, 197]. Its connection to its application within the
context of matched asymptotic expansion as necessary for the analysis of
diffuse interface models is given in Sect. [5.1.2]

Here I start from the assumption that D = [0,1], I = (0,£1) and y(z,¢)
are continuous on D X I. Furthermore, I suppose that there are yi(z) such
that the outer expansion

y ~ yo(x) + ey (z) + %ya(z) + - - (5.1)

is uniformly valid on [Z,1],Z > 0, as € — 0". The inner variable reads

X = - (5.2)

Moreover, I assume Yy (X) to exist such that
y ~ Yo(X) +eVi(X) +e?Vo(X) + -+ (5.3)

uniformly on [0, X] for some X < 1/e; as ¢ — 0F. This is identical to
the assumption that there is both an inner and an outer expansion for the
same function y(z, €). The function y(z,e) can be viewed as a solution of the
algebraic problem

flz,y,6) =0 (5.4)
or a boundary-value problem like
_ @y dy .
L.[y] = e + a(m)ﬁ +b(x) = f(z,¢) with z€(0,1), (5.5)
y(0,e) = A and y(l,e) =B. (5.6)

For the “outer limit” in (B]), = is fixed. For the “inner limit” in (B3)), X is
fixed.

Now let D,(z) and D;(X) denote the regions of uniform validity for the
outer and inner expansions, respectively:

D, () = {(x,e) : x € [z,1],¢ € I} (5.7)
Di(X) ={(z,e) :x € [0, Xe],e € I} . (5.8)

By definition D,(7) and D;(X) depend on the e-independent, fixed values 7
and X. The precise values proof to be irrelevant for the discussion of overlap
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regions and matching. Thus I denote these regions simply by D, and D;.
This underlying picture of D, and D; is important to understand the fol-
lowing extension theorem necessary to define matching. Extension theorems
are theorems which extend the region of uniformity of asymptotic statements
like (51). An early theorem is due to Kaplun [161]:

Theorem 1 Let D = [0,1], I = (0,e1) and y(x,€) be continuous on D x I.
Also, let yo(z) be some continuous function on (0,1] such that

lim [y(z,e) —yo(x)] =0 (5.9)

e—0t

uniformly on [Z,1] for every T > 0. Then there exists a function 0 < §(e) < 1
such that

lim [y(z,e) —yo(x)] =0 (5.10)

e—0t

uniformly on [0(g), 1].

(See [99] for further extension theorems.) Obviously there is a whole range
of functions satisfying this theorem. One simple example is

y(z,e) =2 +e*/* +¢ , yo(z) =z . (5.11)

The limit (5.9) implies y(z, &) ~ yo(x) + O(1) uniformly on [z, 1].

Basically the effect of the Kaplun extension theorem is to extend the
region of uniform validity D, to a layer around this region, which I call D,
in the following. To more carefully define ﬁo, intermediate variables need to
be introduced. Let n(e) be any function with 0 < n(e) < 1. Here I define the
intermediate variable x, by

x=n(e)x, . (5.12)
Then, in accordance to Theorem 1, one may state

lim ly(nzy,€) — yo(nay)] =0 (5.13)

e—01,x, fixed

uniformly on z,, € [Z,, 1] for all n with 6 = O(n). Generally, when introducing
intermediate variables one views 7 as satisfying § < n <1, though to define
D,, one usually sets n equal to § or 1:

Do(Zy) = {(x,¢) : x € [Ty0(¢),1],e € I} . (5.14)

In (BIT)), for example, there is an intermediate variable x, with

—znn

y(r,e) —yolx) =e = +e=0(1) (5.15)

uniformly on [Z,, 1] provided Z,, > 0 and ¢ < 7). Here one could for example
choose d(g) = €'/ in accordance to the theorem.
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In an analogous manner one can construct an extended domain of validity
D; for the inner expansion (53)) choosing as inner variable

x = ME)en (5.16)
€

For some (z,¢) near (0,0) the non-extended domains D, and D; do not
overlap, i.e. they do not intersect regardless of the choices of Z and X. In
a similar fashion one can construct non-overlapping extended domains and
overlapping extended domains. If there is an overlapping extended domain,
there are functions 7;(g) and n,(g) such that for any intermediate variable
x, with n;(e) < n(e) < no(e) inner and outer expansion are uniformly valid.
This implies that given any n with n;(e) < n(g) < n,(€), there is an e-
independent interval I,, such that both

1' J— = O 5.17
s—>0+719?nl fixed [y("?xna 6) vo (773377)} ( )
. nTa\1] _
5%04},1;17,1 fixed [y(m:n, ) YO < 3 )] =0 (518)

are uniformly on x,, € I, ,, > 0. Subtracting these expressions one obtains
a matching condition:

lim [yo(nasn) Yo (n:n)} =0. (5.19)

e—0t,x, fixed
Further, if yo(07) and Yy(co) does exist, then

lim yo(z) = lim Y5(X). (5.20)
z—0t X —o00

This is the so-called Prandtl matching condition. If (B.19) were satisfied, then
one would consider the leading-order outer expansion yo(z) to match the
leading-order inner expansion Yy(X) on an overlap domain

Do ={(z,e) : &, = an € L;,ni(e) < n(e) < nole)} . (5.21)

At this stage it is worthwhile reflecting a few points in detail. First, yo(0™)
or Yp(co) may not exist at all. In this case inner and outer expansion can-
not be matched to leading-order by use of the Prandtl matching condition.
However, it may still be possible to match the expansions by demonstrating
the existence of an overlap domain for which (5.19) is satisfied. Second, even
if matching condition (B19) cannot be satisfied, there is still the possibility
that an order P of the outer expansion matches an order @ of the inner
expansion. That implies that there may be some overlap domain where

Q
Zs Yn(xnn) nz::osnYn (aczn)] =0. (5.22)

s~>0Jr :L’n fixed
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This allows me to define matching:

Definition Choose z, = % € IR and let R be any non-negative inte-

ger. Consider outer and inner expansion defined in ([21)- (2.3) to match
to O(e®) on a common domain of validity Dg(z,), if there are functions m
and ng with m1 < 12 and integers P, Q such that

. Mp
lim RQ =
e—0t,z, fixed €

P n n z
ano € yn(xnn) - ZS:O e"Yy (%ﬂ)
R

=0 (5.23)
e—0t,x, fixed £
for any function n satisfying 1 < n <K 12 and
Dr(zy) = {(z,€) s zy = an,m(e) < n(e) < n2(e)} . (5.24)

5.1.1 Illustration of Extended Domains

To illustrate the formalism developed in the previous part of this section
here I consider the following simple example, where I will use the following
assumptions throughout the discussion: If 0 < §(¢), z > 0

llog(e)| <6 =e?<e® ¥Yn>0 (5.25)
6 = O,(]log(e)]) = e = O,(1) (5.26)
r<elloge)] =e <™ Vn>0. (5.27)

Here ¢ = O4(v) denotes ¢ = O(v) and v = O(¢).

In particular I will consider matching of inner and outer expansion of the
function

1
y(z,e) = i {exp [7(1 —V1- 46)55} — exp [7(1 +V1-— 45)2—1}}
(5.28)
which is the solution of the singular initial value problem
ey +y' +y=0, (5.29)
1
y(0,e) =0 , ¢'(0,e) = - (5.30)

Using (B.1]) the first two terms of the outer expansion can easily be determined
from ([£.28). Fixing = and expanding in € one finds

y=(1+2¢ + O(e2)) |e 275040 _ gma/etatO) | (5.31)
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from which I deduce
yo(x)=e " |, wp(z)=(2—-1x)e ". (5.32)

Similarly, to compute the inner expansion by the help of (B33) one expresses
(E2R) in terms of X, fixes X and expands in &:

Y = (142 + O(?)) [emsX—="X+0(") _ e—X+5X+O(52>] . (5.33)
Thereby one obtains
Vo(X)=1-¢e* |, N(X)=2-X)-(2+X)e ¥ (5.34)

Before finding the overlap domains where outer and inner expansion
match to O(1) and O(g), I will discuss how these expansions would arise
if one had not known the exact solution a priori.

By substituting the outer expansion into (5.29]) one obtains the problems:

O) :yp+1y0=0 (5.35)

O(e) s vy +y1 =~y - (5.36)
Assuming ap and by to be constant the general solutions for (5.38) and (536
are

yo(xz) = ape™™ (5.37)

y1(w) = (bo — apz)e " . (5.38)
Clearly, ap cannot be chosen such that yo(x) satisfies both initial conditions.

Therefore, there must be a layer of extended validity at = 0. In terms of ¥V’
and X the initial value problem ([E29)-(G30) can be written as

Y'4+Y +eY =0, (5.39)
Y(0,6)=0 , Y'(0,e)=1, (5.40)
from which one obtains the inner equations
O01):Yy+Yy=0 , Y(0)=0 , Yj0)=1 (5.41)
Ok): Y/ +Y/ ==Yy, , Y1(0)=0 , Y{(0)=0. (5.42)

Their solutions are given in (B34). In contrast to boundary value problems,
the unknown constants of integration to be determined from matching are
part of the outer solution. If one applied Prandtl matching to match yo and
Yy one would obtain
lim yo(z) =ap=1= lim Yy(X) (5.43)
X —o0

z—0*t

and thus recover yo(z) in (5.32).
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To find an extended domain for the outer expansion one assumes 7(e) < 1
and searches for n;(g) such that n;(¢) < n(e) implies (5I7) for the interme-
diate variable .

Ty =—>0. (5.44)
n
Given (531), the limit is valid as long as e~#7"/¢ < 1. To assure this, one can
choose 11 (g) = €| log(¢)|. Here the notation ¢ <= implies either ¢ < ¢ or
¢ = O4(v). Tt follows that D, is an extended domain for the outer expansion
as long as 7 satisfies

mo=¢llogle)|] <K nk=1. (5.45)

Though for z, € I, each n defines a different region in the (x,¢)-plane, all
that really matters for the limit to vanish is that 7 satisfies (5.45). So it is
common practice to consider the extended domain of a single term of the
outer expansion of yo(x) to be given by (545).

To find the extended domain for the first-order outer expansion yo(x) +
ey1(z) one assumes n(e) < 1 and searches for an 71 1(¢) such that 7; 1(e) <
n(e) implies

[y(nzy, ) — yo(nzy) — ey1(ney)]

e—0t,x, fixed £

=0. (5.46)

Again from (E.31) one obtains that the above limit holds if 1 satisfies (5.45]),
i.e. the choice 11,1 = 11,0 works. If one continues this process of extending the
domain in an R* order outer expansion to find 71 g it is often the case that
Mm,r < M,r+1- The reason is that adding further terms to the limit places
additional restrictions on 7. For this particular example the extended outer
domains at O(1) and O(e) turn out to be the same.

To find an extended domain for the inner expansion to lowest order O(1)
one assumes ¢ < 7(e) and seeks an n3(¢) such that n < n2(¢) implies (5I8)).
Again from (B:31)) it is easy to verify that the extended domain for this inner
expansion is defined by

EL=NKL N0 = 1. (547)

Finding the extended inner domain to O(¢) is more delicate. In terms of
the intermediate variables one obtains

vrrne) LR 0 g e
2
+2 =27 L O(n) + O (Z) +0@E). (5.48)

Moreover the intermediate variables yield the expression
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| | emanle
Yo+ Y = M _t_em “x, — ane—zm/s 4+ 92— 9e /e
€ € € 5 € €
(5.49)
Subtracting these two expressions it becomes apparent that
[y(nx’fﬂ 5) - YO(nl.n/E) B EYl (nxn/s)] — 0 (5.50)

e—0t,x, fixed £

provided % /e < 1. Thus the choice 1z 1 = /2 ensures that the limit vanishes
and that the extended inner domain to O(g) reads

eEL=n<K N2 =¢el/2 (5.51)

Here the extended domain to O(g) is “smaller” than the domain to O(1), i.e.
N2,1 K 12,0-

Based on the previous discussion it is obvious that the overlap domains
to O(1) and O(e) are, respectively:

Mo KN <120 (5.52)
M << (5.53)
or
ellog(e)] < n <1 (5.54)
ellog(e)] < n < /2. (5.55)

Now three cases can be distinguished:

1. If n satisfies these asymptotic relations, outer and inner expansion match
to O(1) and O(g), respectively. In particular if n satisfies (5.52)) then

im  [yo(nzy) — Yo(nay/e)] =0. (5.56)

e—0t,z, fixed
2. If n satisfies the more stringent requirement (5.53), then

lim [90(773777> + ey (77337]) - Yo(ﬁxn/€) — &Yy (nxn/g)]

e—01,x, fixed 3

=0.

(5.57)
3. If the exact solution y was not known a priori then one would choose ag
in the incomplete outer solution yo(z) = ape™* and find 7 g,72,0 such

that (E50) is satisfied.

Remarks on Overlap Domains and Matching

1. General theorems showing the existence of overlap domains have not been
found [196]. In practice, the existence of overlap domains where inner and
outer solutions can be matched is done on a case by case basis.
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2. Prandtl matching corresponds to lowest-order matching with P = @) =
R=0.

3. In some problems P and ) may not be known a priori. Moreover, P may
not equal Q.

4. Some expansions cannot be matched. The matching in (5.23) is defined
with respect to underlying gauge functions ¢,,(¢) = ", n > 0. Obviously,
some functions y may have more general outer expansions:

y(@,6) ~ > dn(E)yn(x) - (5.58)

n>0

Indeed, the inner variable could be defined in a more general way,
X = 2/6(e),0 < § < 1. Then the inner expansion may be expressed
with respect to different gauge functions. However, usually these sorts of
generalizations are not taken into account.

5.1.2 Matching in the Context of Diffuse Interface Modeling

In the context of diffuse interface modeling one employs an asymptotic analy-
sis to establish the relationship between diffuse interface and sharp interface
modeling equations. The basic idea underlying this asymptotic analysis is the
method of matched asymptotic expansion, whereby matching conditions are
employed to find integration constants occurring in the inner expansion. In
this context an outer solution, valid away from the interface, is matched to an
inner solution, which is valid in the interfacial region [115]. The inner expan-
sion near a point X on the interface is described via a stretched coordinate
¢, with x = x¢+e(ii, where 11 is the local unit vector normal to the interface.
The low-order terms in an inner expansion of the solution can be obtained
by using the relations

210y FO
\Y% _62((%) +68C+O(1) (5.59)
and 9 _—
Un

Here the dimensionless mean curvature % and the dimensionless interface
speed v,, are assumed to be of order unity. In the inner region the phase-field
and the transport field are expanded in powers of ¢,

O =9" +ed' 4 0O(e?) (5.61)

c=c" +ec +0(?) . (5.62)

The resulting equations are solved order by order in e, with far-field boundary
conditions, which are obtained by matching to the outer solution. The outer
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solution of the phase-field has $(x) = 0 or ¢(x) = 1 to all orders on either
side of the boundary I;. The transport field has the expansion C(x) =
C(x)© + 0N (x) + O(£?). The limiting behavior near xq is given by

acV
on

Clxo +ecn) = C (x0) + e[C (x0) + ¢ (x0)] + O(E?),  (5.63)
where C’Sro) and 9 denote the limits of C' as ¢ — 04 and ¢ — 0_, re-
spectively, and so forth. The inner solution must match with this behavior
as ¢ — oo [49, 50, 115]. In this way matching conditions yield the physics
of the interfacial region. Typically to dominant order the motion of the dif-
fuse interface is governed by a Stefan problem. The next order approximation
brings in effects relating the temperature at the interface to its curvature and
normal velocity. Physically such effects arise from surface tension, which is
therefore an essential ingredient of diffuse interface models. If corresponding
sharp interface models are well established those have to be recovered via
the asymptotic analysis. This might impose restrictions to the numerical pa-
rameters of the diffuse interface model as will be discussed in the numerical
appendix of this book. On the other hand this analysis might also lead to
the reconsideration of sharp interface modeling equations (or even completely
new formulations of such models) as I will demonstrate in Chap. 6.

5.2 Asymptotic Matching
for Thin Film Epitaxial Growth

This section discusses an example [110], which displays how the above asymp-
totic analysis is employed to validate a diffuse interface model for a free
boundary problem. The example chosen is that of thin film epitazial growth.
For this phenomenon a set of sharp interface equations constituting a well
established free boundary type model does exist. An essential ingredient of
this sharp interface model are terms to describe the attachment kinetics at
the interface. How to recover the precise kinetics via a diffuse interface model
is not obvious at first sight. This section discusses an approach, which derives
the diffuse interface equations from two thermodynamic potentials, namely
the inner energy functional £ and the entropy functional S. This way, when
writing down the free energy density function, an additional degree of free-
dom compared to models derived from one potential only is introduced. This
term serves to recover the precise attachment kinetics in a first order analysis.
Thus this section provides essentially an example, in which matching is used
purely for the purpose of validation. The first order analysis becomes nec-
essary to recover the full physics of the sharp interface model, in particular
the kinetics involved. Since first order analysis is based on a sharp interface
analysis, it is an example, which develops the matching analysis in the con-
text of diffuse interface modeling from its classical limit to the so-called thin
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interface limit. The latter has been introduced in the context of dendritic
growth by Karma and Rappel in [168].

5.2.1 Motivation

Growth of thin crystalline films involves the physical transport of material to
a surface, where film constituents are incorporated. Appropriate conditions
for such growth processes can be established by various kinds of epitaxy.
The ultimate goal of epitaxial growth is to control the structuring of a thin
film on smaller and smaller scales. Modeling and simulating growth dynamics
and kinetics during epitaxy is a useful tool to predict the structures to be
expected under certain growth conditions. It contributes to an understand-
ing of what physical mechanisms act on which scales and of what kind of
growth morphologies are triggered by their interaction. One of the challenges
to physicists and material scientists concerned with this task is the range of
length and time scales represented by problems of practical interest, e.g. the
growth of device layers [141]. Atomistic processes on the nanoscale as the
attachment of single atoms to a step or a defect can significantly affect the
evolution of an overall morphology on a surface—subsection several orders
of magnitude larger [21]. Moreover, depending on the epitaxial conditions,
the precise transport as well as the precise kinetic mechanisms might vary.
Growth modes might be as diverse as step flow growth, island growth or layer-
by-layer growth [47] with possible transitions from one to the other. A model
for epitaxial growth with potential for engineering applications would there-
fore (a) describe spatial and temporal scales of several orders in magnitude,
(b) provide for a straightforward extension to further transport fields and
kinetic quantities and (c) be capable of dealing with the topological changes
arising from the transition between growth modes.

Focusing just on the surface height profile of a film above a surface, con-
tinuum equations in the form of partial differential equations [235, 287, 288]
describe the evolution of surface morphologies at large scales. However, a
necessary assumption for their applicability is microscopic smoothness of the
surface, for the spatial derivatives to exist. Therefore they are unsuitable for
the description of roughening on the atomic scale, which is a big concern
in many device applications. On the other hand, particle based numerical
approaches as Kinetic Monte Carlo (KMC) algorithms can be employed to
model the atomistic processes in more detail and thereby constitute an alter-
native to continuum equations [73, 211, 216, 293]. A big advantage of these
models is their capability to quantify atomistic kinetic processes via attach-
ment rates, which can be determined from first principle calculations [242].
They have been applied widely to various issues of epitaxial growth in the
past [276] and constitute a comprehensive framework to describe homoepi-
taxial systems as well as very limited cases of heteroepitaxial growth [105].
However, they are not easily extended to include further growth mechanism
as, e.g., hydrodynamic transport in the bulk, elastic interaction between steps
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or entropic confinement. Moreover, modeling systems of practical interest is
not feasible, since simulations are usually based on length and time scales of
single atoms and adatom hopping rates.

To meet challenges (a) to (c) formulated above and simulate surface—
sectors of sizes of practical interest, continuum models allowing for fast com-
putation on the one hand and for the incorporation of quantitative kinetic
information on the atomic scale on the other hand, constitute a promis-
ing modeling approach. Their common feature is the formulation of growth
problems as the one arising in epitaxy as a free-boundary problem either in
its sharp interface or its diffuse interface formulation.

5.2.2 Sharp Interface Formulation

Mathematically the problem of epitaxial growth can be understood as the
solution of one (or several coupledﬂ) transport equations for a variable ¢ in
two domains {2, and (25, which are separated by a boundary I;; defined by

(2.18):
9¢

oy tu Vo=V kVo+f. (5.64)

Equation (5.64)) is the most general form of a diffusion—advection equation, in
which k is a function of the vector of space coordinates x. u is the convective
speed, if hydrodynamic transport is considered in {21 and/or {25. u may be
a function of ¢. ¢ itself may be discontinous at the interface, i.e.:

[9]r, =B (5.65)
and/or
[kg%]nj =7. (5.66)

The notation [g]r,, = g+t — g~ denotes the difference of the values taken by
the function ¢g(x) in the limits x — 0 and —x — 0, if the interface is assumed
to be at 0. f is a body—force term. The interface is subject to boundary
conditions of the general form:

oo,
5.)=aly. (5.67)

(¢,
These boundary conditions ensure the conservation of mass and the conser-
vation of energy at the interface during growth.
Equations (.64)—-(E.67) can be adapted to constitute the two-sided sharp
interface model for epitaxial growth, i.e.:

! For the sake of simplicity I will stick to the case of one transport field in the
following. Extension to two or more is straightforward.
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% = DV — T’; Y F (5.68)
D%L; r; =k (0" =, (5.69)
D, =k — ), (5.70)
vy = QD(% - aa’%)nj . (5.71)

Here v,, is the normal velocity at the interface. The transport variable ¢ of
(E64) is the density of adatoms above the surface denoted by p. The dynam-
ics of the adatoms on the surface is a diffusion—relaxation process as described
by (568) and visualized in Fig.[5.] with an external supply of atoms to the
surface quantified by F' entering the equation, as well. Adatoms may evapo-
rate after a time 7°V. Equations (5.69)—(5-71) are boundary conditions of the
general form of (£:65) and (5.66)), which ensure the conservation of energy,
(5:69) and (5.70), and the conservation of mass, (5.71]), at the boundary I75;.
D is the diffusion constant involved in the process, {2 the atomic area of the
atoms under consideration and k* and &~ are coefficients to quantify the ki-
netic attachment to the boundary. They are different depending on whether
a boundary is reached from an upper (denoted by ~) or lower side (denoted
by *). This is due to the Ehrlich-Schwoebel effect [104], which describes an
energy barrier the adatom attaching from the upper side has to overcome.
Notice that this difference results in two equations for the conservation of en-
ergy to be evaluated in “*-direction” respective “~-direction”, namely (5.69)
and (B.70). The whole set of equations dates back to Burton, Cabrera and
Franck in 1956 [47]. Obviously a boundary can have very different kinds of
geometries depending on the epitaxial growth mode of the substrate. Pic-
tured in Fig. 6] are boundaries during step flow and island growth. Note
that in the case of epitaxial growth anisotropy due to the underlying crystal
structure of the material is contained in p®1 = pg? - (1 — Beosdd). Detailed
studies of the influence of crystalline anisotropy in epitaxial growth are given
in [106, 109].

The set of equations (.68)—(B.71) constitutes a modeling approach which
can be understood as a direct translation of the basic physical mechanisms of
epitaxy into mathematical equations. The physical picture consists of trans-
port in the bulk, see (BGH), and attachment kinetics at the interface, see
(E69)—(@.71). Going back to the modeling challenges (a) to (c¢) formulated
in Sect. BZT] it is important to notice that challenge (a), namely the de-
scription of scales of several orders in magnitude, can be achieved due to the
fact that these continuum equations themselves can be employed to simulate
structures of the order of 10* A, while at the same time information on the
atomic scale enters the equations via the attachment coefficients ¥~ and k7.
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(b)
F

~‘ T

=

Fig. 5.1. Visualization of kinetics and dynamics during epitaxial growth: Adatoms
reach the surface with a rate that is proportional to F'. They diffuse on the surface
and may desorb from it according to the desorption parameter 7°V. Reaching a
boundary I3; (e.g. a step (a) or an island (b)) they are incorporated with kinetic
attachment rates depending on their position with respect to the surface, i.e. from
up or down. This results in growth, i.e. movement of the boundary.

These can be determined on the basis of first-principle calculations B Also
(b), namely the extension of the model to further transport fields and kinetic
mechanisms, can directly be addressed in this formulation: a second (diffu-
sive) transport field would yield a further diffusion equation to be coupled
to (B68). In the same way hydrodynamic transport could be included in the
model via a coupling to the Navier—Stokes equations. Inserting other physical
mechanisms as diffusion along steps or elastic step interaction into the model
will change the boundary conditions in two ways: On the one hand it results
in a change of the chemical potential at the steps and thereby in a different
expression for p°d in (5.69) and (570). On the other hand it enters (5.71]) in
gradient form to take into account the changed mass balance.

5.2.3 The Diffuse Interface Model Equations
and Their Asymptotic Analysis

The basic idea underlying the phase-field type of modeling epitaxial growth
is to replace boundary conditions (5.69)-(E.71) of the sharp interface for-
mulation by an additional differential equation for the order parameter @
introduced in Sect. 4.2. Here I assume @ to vary smoothly over the bound-
aries I; such that different layers of the substrate are labeled by different
integer numbers (see Fig. @)E This convention has been employed to model
epitaxial growth by means of a phase-field before by Karma and Plapp [170]
as well as by Liu and Metiu [207]. However, in their contributions equal

2 Obviously there is a lower limit to the structures to be resolved which stems
from the assumption of a continuum description.

3 The variation has to take place on a scale much less than the structuring of the
substrate.
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attachment kinetics at the interface had to be assumed. That way, the prob-
lem was directly mapped to that of dendritic growth with equal diffusion
constants in both phases. No discontinuities causing fundamental modeling-
related questions arose. Here, on the other hand, I propose a diffuse interface
model which handles the case of unequal attachment kinetics from both sides
of the interface. This model is thermodynamically consistent. It is derived
from conservation laws for the energy as well as the entropy. Thereby an ad-
ditional degree of freedom is obtained. This is one important new feature of
the model necessary to recover the full two-sided growth problem described
by equations (B.68)—(5.71) in the thin interface limit. The second essential
new ingredient for the thin interface analysis to work out correctly is the
introduction of a “continuous attachment function” 5 , which varies smoothly
in the interfacial region, see (5.82) of the following detailed derivation of the
model.

interfacial region

X

Fig. 5.2. The phase-field function @ as it varies over several layers of an epitaxial
substrate.

As discussed above the following derivation of model equations is based
on conservation laws for energy as well as entropy. These may be written in
the form

d
—5+/ Jp-ndA=0 (5.72)
at I,
d
—S+/ Jg-ﬁdA:/ $pdV | (5.73)
dat  Jr, v

where Jg and Jg represent the flux of energy and entropy through the bound-
ary I5;, which has an outward unit normal fi. $p represents the entropy pro-
duction term. Following [110] for the inner energy functional £ and the inner
entropy functional S an ansatz of the form
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£ = [ (0.0 + §IvoR)av (5.74)
_ €
s = [ (s(6.0)+ 59V (5.75)

is chosen. The term §|V¢|2 denotes the contribution of the diffuse interface,
where € is a gradient coefficient, which can be assumed constant. e and s are
the internal energy and entropy densities, respectively. Their relation to the
free energy density is given by

0
5(6,p) = fa—ﬁ

e(¢,p) = f(d,p) + ps(¢, p) -

Thermodynamic consistency requires positive entropy production. Governing
equations, which guarantee positive local energy production are obtained by
choosing

and

99

Ig = —kVp—E5.V0 (5.76)
ok 9
Js == Vp=&5,V0. (5.77)

with a non-classical flux & %Vcﬁ associated with the interfacial region [289].
Entropy production is then given by
9¢

pir = SIVpP + TUI(E +60) V%0 -

of
o
The corresponding phase-field equation is chosen such that the latter expres-

sion takes the form %|Vp\2 + (%)2 -7 with 7 > 0. Thus considering a free
energy of the form

]. (5.78)

Ve +pVs

F(é.p) =~ d<¢>+<ppe§eq>k<¢>—pln<p§q>+p (5.79)

the following set of governing equations can be derived for the case of epitaxial
growth:

99 _ 2, Of
o = (€ POV - 5
Vi + pV: e
= (€407~ E 0) - PR (0), (580)
9p _ 2 9 P
e DOVp+G(¢) ot + F + et (5.81)

Here 7= > 0 denotes a mobility coefficient, d(¢) = ¢?(1 — ¢)? a double—well
potential function with a barrier height given by Vg + pVs. (£ + p&) > 0
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serves as gradient energy coefficient and k(¢) = ¢?(3 — 2¢). The source term
G(o) - % describes the influence of movement of the boundary I7; on the

evolution of the transport field p, with G(¢) = ¢V2¢ — d’(qb)g + 1. Within
G(¢) the function € in its suitably rescaled form is given by:

~ D 12x D 12x

f= 22009 D2 ). (582)
The rescaling of the model equations simplifies the asymptotic analysis by
which the sharp interface equations (B.68)—(E.71l) are to be recovered. It is
this asymptotic analysis, which serves as validation for the model at this
point. I will turn to it next.

Equation (5:80) and (5:T)) can be made dimensionless by employing the
macroscopic length scale X, the time scale % and a scale for the governing
field p set to unity. Moreover, [ defines the interface width, i.e. the scale on
which the phase field ¢ varies from one integer value to another. [, takes the

role of a capillary length, which is proportional to surface tension v, i.e.:

i

c= ) 5.83

where kg refers to the Boltzmann constant and T to the temperature. With
abbreviations £°4 = £ + p®I€ and V1 = Vi + p®1Vs these terms allow me to
define the following dimensionless parameters:

! 0D 7 I
Ty 6l-1, 6.1, °
Vs RS
V:Veq s ’y—é_Tq (584)

Based on those dimensionless parameters equations (5.80) and (5.81) can
be formulated as:

v 20 a0vie - T ue) o), (6.89)
0 o N
8{ = DOV%e+ g(¢)£ —c, (5.86)

with the rescaled G(¢) = £26V2p — £d'(¢) + 1.
To validate the above model equations one employs the method of matched
asymptotic expansion (see Sect. B12) with relations (BRJ) and (G60) for

the low-order terms in the inner expansion. To keep the succeeding analysis

clear for (a@)2 the form Oc¢ is used, for a@ the form 0, and 0, denotes %.

Applying the method of matched asymptotic expansion to the dimensionless
model equations (B.85)—(5.80) yields a leading-order phase-field equation:

6 - %d/@(m) —0. (5.87)
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The leading-order equation for the transport field reads:

0
DY) =0. (5.88)
Integrating and matching the outer solution twice in succession gives that
A0 = CSFO) (x0) = c© (x0) is constant. The first-order phase-field equation
follows as:

1
0L — 59" (0060) = —(wi, + Do + 4K (), (589)
and a solvability condition for this equation is given by

O = dok + BZ—Z , (5.90)

where vg corresponds to the velocity of a straight step. This can be identified
as a modified Gibbs-Thomson boundary condition. With 8 — 0 it can be
understood as an equilibrium concentration corresponding to p°? in equations
(5:69) and (B70). Thus in this 0" order of the expansion the concentrations
right at the interface, denoted by p* and p~ in (5.69) and (E70), would
simply be p°1. The difference to this equilibrium value is of kinetic origin and
retrieved in the next order of the expansion.
For the field variable a first-order equation reads:

5,0 = DY . (5.91)

By integrating this equation over the interval —co < ( < oo and using
the matching conditions, the leading-order mass—conservation condition is
recovered in the dimensionless form

oc? . _oc
=D o D2 o (5.92)
Thus the boundary condition (E7I) of the sharp interface formulation is
retrieved. It still remains to be proven that the boundary equations (5.69)
and (5.70) can be obtained in this order of the expansion, as well.
Following the procedure in [110], the leading- and first-order phase-field
equations are obtained as

o~ S (@) =0, (5.93)

1 .
(bélg) _ 5d”(¢(0))¢(1) =7, (594)

where

e 4+ ZeMa'(¢0) — (13, + 7)) + AV () . (5.95)
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The first two terms of 7; can be simplified using (593)) to yield:

1eV6Q + 2 (60) = £eWg' (69, (5.96)

where 7 is defined as v + ~y. The solvability condition for (5.94) can then be
written in the form

0= [ oPRac=x [ K@)
N e 1, -
by [ aeeas - w7, (5.97)
which involves the first-order transport field solution ¢,

With ¢ = 0 the transport field equation is satisfied identically to
leading-order. The first-order transport field equation reads

50006 — Load (6)0 = D2 — E,00L (5.98)

which, when simphﬁed by using (B93), can be integrated to result in

. ac® 90
D) — 5,6(0) — flvn(¢<°)) D o =D0 a; — . (5.99)

Here fl = é — 1. The constant of integration has been evaluated in two
ways by taking ( — +o0o and applying the matching conditions (5.63)). The
solution can then be expressed in the equivalent forms

(0) o)
D¢y = +0 (x) 4 ¢ 25 _ / ! (w@ 51””@“”)?) dy,
¢

on ﬁ
(5.100)
oc® ¢
D0 =0V + T - [ Q}(( — )+ & <¢<°>>>
(5.101)

The discontinuity of the adatom concentration field across the boundary
I';; now reads:

oM —cW = 511;" . (5.102)

Evaluation at the front and at the back of each boundary I5; and inserting
into the full expansion for C' up to the first order results in:
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12x oC
(Cy = Ceq)? = 877; , (5.103)
1
and
12X oC_
(C_ - ch)? = *% ) (5104)
1

respectively. Thus the equivalents of (5.69) and (EZ0) are recovered. This
validates that the model equations (5.80) and (5.81]) are an equivalent formu-
lation of the full set of equations constituting the sharp interface formulation

6.63)-E.7D).

5.3 A Generalized Approach Towards the Asymptotic
Analysis of Diffuse Interface Models

Whereas in the previous section the thin interface analysis arose as an ex-
tension of the sharp interface analysis, in this section I discuss a general-
ized approach towards matching, which directly incorporates a notion of the
diffuse interface. It was proposed by Elder, Grant, Provatas and Kosterlitz
in [102] and works for a specific class of moving boundary problems only.
These include order/disorder transitions, spinodal decomposition, Ostwald
ripening, dendritic growth and eutectic alloy solidification. For this class of
phenomena the projection operator method can be employed to extract the
sharp interface limit from diffuse interface models with interfaces that are
diffuse on a length scale £. In particular, phase-field equations are mapped
onto sharp interface equations in the limits £k < 1 and {v/D < 1, where &
and v are the interface curvature and velocity, respectively. D is the diffusion
constant in the bulk. The approach follows the projection operator method
of Kawasaki and Ohta [173, 174, 175, 176, 225]. It is generally applicable in
the sense that the free energy functional F does not need to be specified.
This implies that the free energy density can be chosen freely, such that it
guarantees strict relaxational behavior of the thermodynamic potential and
thus ensures thermodynamic consistency inherently.

5.3.1 Role of the Governing Thermodynamic Potential

Following [102] T will consider two fields, a non-conserved phase-field ¢ and
a conserved field ¢. The phase-field distinguishes between the two phases,
e.g. liquid phase and solid phase. The ¢ field can be understood as a con-
centration. The free energy functional describing the system can be written
as

Fioc = [ar |SKAVOR 4 SRV 4 S0 G0
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where f(¢,c) is the local bulk free energy density. The gradient terms are
related to the phase-separating interface itself. The dynamics of these fields
are described by an equation of motion for the non-conserved variable ¢,

d¢ 6F of

90 _ _p 0 p [_K V2 7}, 5.106
5 ¥ 0| KoVid+ 5 " (5.106)
as well as an equation of motion for the conserved variable ¢, i.e. the concen-
tration:

dc 25£_ 2| 2 ﬁ
5 =I.V 5c =I.v { K.Vec+ 2% | (5.107)

Here 0F{®P,c}/dc = p refers to the chemical potential. I'. and I, are the
respective mobilities (compare to (4.42) of Sect. 4.1).
A generic bulk free energy density f(c,¢) can give rise to a variety of

equilibrium as well as a variety of metastable states. To illustrate this, I will
consider the following bulk free energy

f(o,c) = u% [clne+ (1 —¢)In(1 —¢)]

+ <aAT — Blc— ;)2> D(¢) — %¢2 + %gb‘* . (5.108)

Here ®(¢) = 2¢ — 4¢3 /3 +2¢°/5, AT = (T — Tar)/Tar, where Ty denotes
the melting temperature. The parameters «, 3 and u are phenomenological
parameters and have to be determined by calibration to experimental phase
diagrams. If these parameters are chosen as « = § = 1.0 and u = 0.6, a phase
diagram as displayed in Fig. [5.3] emerges. A different type of phase diagram
arising from parameters « = 8 = 1.0 and u = 0.45 is pictured in Fig. 5.4
Obviously the choice of parameters determines differently shaped domains
of pure phases (i.e. liquid phase L and solid phase S) as well as coexistence
regimes S + L (solid/liquid) and S 4 S (solid/solid) (compare to the phase
diagram explained in detail in Sect. 3.1, depicted by Fig. 3.1). Within the
current section the focus is on the dynamics of phase-separating interfaces.
The dynamics of a system can result in transitions from one point of the
phase diagram to another. Different such transitions are shown in Fig. 5.3 and
Fig. 5.4l Each of them denotes a different kind of growth phenomenon. They
are termed quenches. More precisely a quench is defined as a rapid change
in temperature taking a system from one domain within the phase diagram
to another. It is often considered instantaneous in theoretical modeling. The
generalized calculations of the following subsection are carried out including
all the possible quenches illustrated in Fig.[53land Fig. 5.4 As stated above,
this does not require to specify the explicit form of the bulk free energy
density f. It is simply assumed that f is chosen in a way such that all the
phases of interest are well defined.
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Fig. 5.3. Mean-field phase diagram obtained from a bulk free energy given by
(510]) with parameters « = 8 = 1.0 and v = 0.6. In this figure the regions
containing vertical and horizontal lines are liquid/solid (L + S) and solid/solid
(S+5S) coexistence regions, respectively. The figure follows, just as further figures in
this section, [102]. Here liquid /solid and solid /solid coexistence regimes are disjunct.
Decreasing the parameter u within the energy density f lowers the critical point 7.
of possible solid /solid coexistence, so that for smaller values of u the two coexistence
regimes will merge. Such a situation is depicted in Fig. B.4. A phase diagram with
merging coexistence regimes gives rise to a qualitatively different quench (see text),
which refers to the growth phenomenon of eutectic solidification.
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Fig. 5.4. Same as the previous figure apart from different parameters for the bulk
free energy given by a = # = 1.0 and v = 0.45.
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5.3.2 The Expansion Procedure in Detail

The goal of this section is to derive the sharp interface formulation for the
dynamics of a system described by a free energy functional F as given in
(E109) and governed by (B5.106) and (5.107) via the generalized asymptotic
analysis. It proceeds by expanding around a planar equilibrium interface.
The interface is out of equilibrium as soon as it is either gently curved or
one of the two bulk phases is metastable. In the former case, a curvature
is assumed “gentle”, if the radius of curvature 1/x is large compared to the
interface width or correlation length. This yields one small dimensionless
expansion parameter k€. In the latter case, the difference between the free
energy of the stable and metastable phases causes the interface to propagate
into the metastable one. If the free energy difference is small the propagation
velocity v is small, as well. In this context a velocity can be interpreted to be
“small”, if the interface moves so slowly that a steady state diffusion field is
allowed to form in front of the interface. This implies that the time for the
diffusion field to relax during interface motion of a distance & should be much
smaller than the time &/v the interface itself requires to move that distance.
Since the diffusion time is given by 7 = ¢2/D, this leads to a second small
dimensionless parameter £v/D. The latter is known as the interfacial Peclet
number. In the following analysis the interface equations will be obtained to
lowest order in both small parameters. Technically the expansion to lowest
order in these two parameters can be achieved by regarding them to be of the
same order in the expansion. In the calculations to follow both parameters
will be considered O(e) with e < 1.

The succeeding expansion exploits the fact that the fields behave qual-
itatively different close and far from the interface. In the region close to
the interface, they vary rapidly over distances O(§), while far from the in-
terface they vary on a scale O(&/e). If a length scale ( exists such that
1« (/€ <« 1/e, distinet “inner” and “outer” regions can be defined. Those
are depicted in Fig. 5.5l For the analysis to follow it is appropriate to expand
in both inner and outer regions and match the solutions order by order at
the length scale (. In this sense the expansion follows the ideas described
previously in Sect. B.1.2. It differs from the example provided to illustrate
the “usual” way to carry out matching in the thin interface limit with fully
specified potentials and respective thin interface analysis model equations in
Sect. in three points:

1. The generalized analysis is carried out to lowest order in two dimension-
less parameters, i.e. k¢ and the interfacial Peclet number Pey, = {v/D.
Technically this is possible by considering them both of O(¢) (see above).

2. The expansion involves usage of the Greens function formalism and fur-
ther the projection operator method as discussed in the introductory part
of this section. This allows us to remain on a general level.
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3. An additional solvability condition is obtained by employing the defini-
tion of the Gibbs surface. It is required to carry out the matching — again
remaining on a general level.

Following [102] all of the above is featured in the succeeding paragraphs.

Interface
A VN
Inner ’ Inner $
Region Region
Outer Outer
u
Y vV,
KL '
£ 0 O+ ¢
c(u)

Fig. 5.5. Ilustration of inner and outer regions defined in the context of the
expansion procedure described within this section.

Inner Expansion I start by discussing the inner expansion, which applies
to a region defined by —( < u < (. Here u is a coordinate normal to the
interface and 1 < (/¢ < 1/e. The aim is to obtain asymptotic expansions
for the solutions of the evolution equations (E106) and (BI07) valid in this
inner region. The latter can be written in a compact form as

1 dc 9
— = Nl
o= Von (5.109)
where
o Of
Op = p(r) — plog = —K Ve + ¢~ Hea - (5.110)

The first step is to partition the system into two regions V, and V_
bounded by surfaces Sy and S_, respectively. The region V. is defined by
0 <u<¢ V- by —C < u < 0. The position of the interface between two
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bulk regions is defined as w(r,t) = 0. This definition is a formal one. To get
an impression one may picture the surface u(r,t) = 0 as the surface near
which the fields ¢ and ¢ vary rapidly over a distance O(§). However the exact
position remains unspecified at this point. Moreover it is useful to define
Greens functions G*(r,r’) in the regions —¢ < u <0 (G7) and 0 < u < ¢
(GT), respectively, obeying

V2GE(r,r’) =6(r—r’). (5.111)

These Greens functions satisfy the following boundary conditions:

G(r,r')=0at u=0and v =0,
OG(r,r")/0u =0 at u = £,
0G(r,r")/0u’ =0 at v’ = £(,
periodic at © = oo and v’ = Foo.

Note that both r and r’ lie in the same region V. or V_, respectively.
Multiplying (5109) by G* and integrating over r’ € Vy yields

G*(r,r') oc
_ /! I
op(r) = /Vi dr T

+ jz{ s’ (WV'Gi - Giv’a,/) , (5.112)
St

where dp/ = du(r’) is defined as in (B.110). fV+ dr’ denotes integration over
Vi (e 0 < u(r’) < (). Moreover, [, dr’ refers to integration over V_.
In analogy, §S+ dS’ denotes integration over the boundary S, enclosing V..
Similarly fs, dS’ denotes integration over the boundary S_ enclosing V_.
Multiplying (5112) by Oci'/Ou and integrating over —( < u < ¢ yields

S ad (0f
_/_Cdu 5 (&—KCV c—,ueq> , (5.113)

where B= Bt + B~ and S = ST 4+ S~ with

1 [ 9o oc
+_ 4 - 0 'GF N=— 114
B T/, du u v, dr'G*(r,r )875 , (5.114)
+¢ 8Cin
S* :j:/ du—> f ds’- (p/'V'GE - GEV's) (5.115)
0 8U St

An analogous formula for ¢ can be derived by multiplying (5I06) by ¢ /0u
and integrating over —( < u < +( to obtain
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L[S 0000 (¢ 0 (oo, OF
T _Cdu 9 Bt —+/_Cdu P <K¢V o) 3¢) . (5.116)
Each term in the above equations can systematically be expanded in powers
of . In this section, attention is restricted to the terms O(e), which will prove
to be sufficient to obtain the relevant sharp interface conditions.

To facilitate the expansion, c(r,t), ¢(r,t) and the chemical potential
p(r,t) are expressed by the help of a power series in € as follows:

e(r,t) = cg’(u(r)) + 5505‘_1 + 62561; + ..
o(r,t) = ¢ (u(r)) + edg” + 260" + - --
p(r,t) = p(u(r)) + eop® + 25l + - | (5.117)

where the superscript “in” refers to the inner solution. To expand the Lapla-
cian in powers of ¢, it is useful to introduce a curvilinear coordinate system
with one coordinate u along the local normal to the interface and (d — 1) co-
ordinates s perpendicular to u and tangential to the interface. For simplicity
a two-dimensional system is considered, where s is the scalar arc length. Note
that within (5.117) the O() terms ¢ and ¢i* are the equilibrium planar
interface solutions.

At this stage I come back to the point, that the exact position of the
interface has not yet been specified. Its choice is somewhat flexible to within a
distance £. It is one of the key elements of this generalized analysis to choose
it in accordance to the definition of the Gibbs surface, so that the excess
surface concentration is equal on both sides of the interface. This results in
an additional solvability condition, which ensures that the chemical potential
is continuous across the interface.

The transformation from Cartesian to curvilinear coordinates (see Ap-
pendix A) results in the formal expansion

EVE=Lo+eLy+ELy+ (5.118)

where the specific form of £,, depends on the expansion. In the inner region,
derivatives of the fields with respect to u are much larger than derivatives
with respect to s, which are zero, if the curvature and the interfacial Peclet
number vanish. This is taken into account by introducing the dimensionless
variables @ and 5. These are of O(¢°) and given by u = &u and s = £5/e. As
proven in Appendix A, this scaling results in:

Lo = 0?/0u*
L= ;‘«9/6‘12
Ly = 0%/05% — R2ud/0u

where the dimensionless curvature & = {x/e is of order unity.

A final step is to expand the time derivatives within (5114]) and (5.116)
in e. For these calculations, it is convenient to choose a frame of reference, in
which the interface position is stationary, such that
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LI

= (5.119)

(u,9)

Here v is the interface velocity which has components normal and tangential
to the interface. The time derivative on the right hand side corresponds to a
relaxational dynamics independent of interfacial motion. If this operator acts
on the fields ¢ and ¢, the tangential component and time derivative are of
order £3. Thus they can be droppedd. To O(¢), 8/8t|; becomes:

0 V1 0

7;_#@( )24, (5.120)

where the normal velocity has been expanded in a power series in €, i.e.:

)
Un = — —“—f M . (5.121)

Using these expansions and further expanding f around ¢ and ¢, the
right hand sides of (&113) and (5II6) become

fc du%—[ po + Kc£2V2e — 8]0"} = /id_aacu {(qurK Loc fi(l’o))

+e(f(c(clcgﬂ + LodcR) — scin f 20 _ 5gin ¢1: ”) + 0(62)} (5.122)
and

_ /_Cduaam [(Fozosly — 100 + e(Bo( L1l

+Lode") — 00 fO% s ) v o)) (5.123)

Here fi(n’m) = 0" f /0" 0™ | gin cin. K. =K. /&, Ky = K/ and ( =
¢/€. Terms of O(e°) vanish by construction. For later use, it is convenient to
perform partial integrations on combinations of terms:

4 In two dimensions the tangential component of the time derivative can be ex-
pressed as vrd/0s, where v accounts for flow of concentration (or ¢) along the
interface. vr must be O(e) since it is zero for e = 0. Furthermore in the inner
region s is scaled with & such that v70/8s ~ O(g?). If this term operates on c or
¢, it becomes 0(53), since both ¢ and ¢ are independent of s. The time derivative
in the moving frame 9/0¢|(, ) is at least of order O(g*). This term accounts for
the relaxation of fluctuations around the steady state profile. For the concentra-
tion field fluctuations relax as ¢ ~ (length)?, which implies 9/t ) ~ O(e?).
Just as the tangential component this term becomes 0(53) when operating on
c. Moreover, ¢ fluctuations relax exponentially fast, thus rendering the term
negligible.
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< adp. D N def’
d 0 K v #(2,0) 5 in _ / dadcn | K, — — (2,0) 0
/g ot ( “ou2 fi ) c “oa 0u? fi ot

— — ¢ in (1,1)8iﬁ)Il
= /—EdU(SCl fi 95 (5.124)
and
/C ad) (K 87 _ f(O 2)) ¢in _ /C di 6¢in K 872 _ fK072) %
_¢ 0u 1 . 1 53— fi g

C ) in

= m in 1,1)&
- /—Edu&bl oou (5.125)

since derivatives of ¢l and @' vanish at 4 = 4 in the limit { = (/¢ >> 1.
Here the final equations (£:124) and (5125) were obtained using the relation-
ships

E (af(Q ¢)> _ & f(c, ¢) @ n D*f(c,¢) 09 f(2 ,0) 9¢ dc f(l 1) 99 99

ou dc 9 du dcdp ou ou ou
and

a<3f(0,¢)) 732}0( ¢)%+32f( ) ac?foz 99 f(l’l)@

o1 o 042 Ou 0cdp Ou ou ou -

To complete the calculation, the left-hand sides of (5113) and (5II6) are
expanded to lowest order in e. The expansion for ¢ in (BII0) is straightfor-
ward

1o d R d_aqs 99k
F¢ _ ou 6t F¢T ou 811
_.né % 2
T KoL, + 07, (5.126)
where ) )
_ 22
0’¢ = K¢ /C du ( 8’11, ) . (5127)

The equivalent expansion for ¢ is more complicated. The algebra is given
in Appendix B. Formally the results of these calculations can be expressed
as

B+S=eBi/T+81)+EBo)T+So) + -, (5.128)

where B,, and S,, are given in Appendix B.
Combining all of the above yields the following two equations to O(e):
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nu§ oy _ Koy
— : A (5.129)
and
. Ok 2 ou in (-
Aciuip(0.5) = ~75 4, - / g™ () — o (o)
86,“ / du out (’U,)}
9o ou
ol | " aaleg (@) — (@) (5.130)

where Ac = ¢l (¢) — ci*(—() is the miscibility gap, and

8 (1) = {Cbﬂ(g) u<0 (5.131)

ey 2
o ) : (5.132)

¢
A1:/ du(
—

Equation (EI30) yields the chemical potential u of the inner solution at
the interface (i.e., at @ = 0). This must be matched to the outer solution at
@ = (. An expression for §ui"(£() can be obtained by expanding (G.I09)
to O(e):

¢° ) Fn (5.133)

e
(%1} — =
ou 52
Integrating (5.134)) twice - first from % to ¢, then from 0 to { - yields

Sy (5.134)

Aspin
ou

v1£
71,

S (¢, 8) = opui™(0,8) + ¢ ‘E+ / da[cg" (@) — ci(a)] . (5.135)

A similar procedure has to be applied to §ui"(—(¢). From (5.I30) and (5.I35)
one obtains

A cduit(£C,8) =
2
—ockfe+ Ay + Ac Caélul + Ulg / e (ﬂ)]2
7@ /O du[cout (1_1,) o Cin(ﬂ)] . 35/14 ¢ dﬂ[COUt(u) _ cin(ﬂ)}
T ° ou IcJy 1 ’
1)162 £ out in /-
A n /0 dafed™ (@) — ¢ (@)] . (5.136)
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The integrals in (BI36) can be rewritten in a more suitable form by noting
that ¢ > 1 in the inner region, so that ¢f*(+u) = ¢ (£oo) for |a| > ¢. Thus

(E136) results in
A c5u““(i§, 5) =

SO gy a2 ig— (135/ ale () — " ()
85u / du out (— 667“’ / d out (u)]
+AcY TFC /0 da[cd™ (@) — i (@)] . (5.137)

At this point the expression for vy is still lacking. It is obtained by integrating
(EII0) over —¢ < u < ¢

doui
¢ ou

T ( oopin
Act?

v = — ) . (5.138)
—<

This solution for 643" (4¢) has to be matched to the solution of the expansion
within the outer region, to which I will turn next.

Outer Expansion Far from the interface, the fields ¢ and ¢ vary slowly in
space and are close to the bulk equilibrium values ¢.q and ceq. Variations
of the fields in the bulk regions far from the interface take place on length
scales O(&/e) in all directions. Therefore suitable dimensionless space and
time coordinates are (i, §,1) = (eu/&, es/€, €2t/T).

Expanding ¢(r) around the bulk equilibrium solution ¢(r) = 6¢°%*(r) +
®eq yields

65¢0ut 8f 82

I K 25 out _ ZJ _ 2 out
ot ¢ ( sV700 6 leq ~ 597 le?
- ZJ out2_lﬁ out\3 _ .
905 g 998 — 5 547 (6o . (5.139)

By definition, (9f/0¢)eq = 0. Since 6¢°** = 0 in the limit ¢ — 0, (5139)
is linear at O(e). Furthermore, (8% f/0¢?)cq > 0, so that 63" vanishes ex-
ponentially with time for all wavelengths. Thus, 6¢3"* is trivial in the outer
region and can be ignored. It is convenient to expand ¢ and p°%' in the
outer region as

Cout(r) _ Cgut +€§Cout

po(r) = ugut+e(5u°“ - (5.140)
where c§" is given by (EI31). At O(e?) in dimensionless variables:

) out Fc ~
AT _ Tl Gy, ont (5.141)

ot £2
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where V = (£/€)V is the scaled dimensionless derivative suitable for the outer
region. Equation (5I40) is evaluated in a laboratory frame. It simplifies to
a linear diffusion equation for the chemical potential inside the bulk phases.
In dimensional units it reads

aﬂout
ot

where D, = I.(0u°"/0c°")qq is a diffusion constant. The value of D, de-
pends on the bulk equilibrium phase considered.

The “Gibbs Surface Solvability Condition” To solve (5142), initial
values 5u°ut(u = 0, 8) are required. These result from matching to the inner
solution 64 (@, 5) at @ = . To obtain 645" (@t = 0F, §) from Su$"* (@ = £(, §)
with ¢ = €(, it is useful to Taylor expand around @ = ¢

a Mout
B

= D Vo (5.142)

g™t (11, 8) = s (£¢, 8) + (@ F ¢) IR (5.143)

In the outer region, ¢ < 1. This expansion is valid at @ = 0

65 out
5ps™ (2, 8) = " (0,8) £ =1

(5.144)

Since du"t(+¢) = dpi*(4C), one can use (5.I37) and (5IZ4) to obtain

Ock 5)&2 * =i t
Ac(sluout( ; ) - 5 Al li‘;)f [ du[cb“(u) _Cgu (u)]2
Dot 0 ~
= I R LCRORED)

%i / auleg" () — (@)

+AY Trc /O daeg™ (@) — e (@)] . (5.145)

This yields the appropriate boundary value for §u$"*(0, 5). The inner solution
§1i2(0) differs from the outer solution §u5U¢(0), since the matching is done
at @ =  and extrapolated linearly to @ = 0 by (E.144). This extrapolation
of Jpi* to 6u$™t is illustrated in Fig. 5.6l It is essential that ou$" and Jui®
coincide at u = C , which is in analogy to taking the thin interface limit
rather than the sharp interface limit discussed in the context of the example
of the previous section. The right-hand side of (5.145) appears to depend on
whether the inner and outer solutions are matched at u = ¢ or u = —(. This
ambiguity is eliminated by defining the interface to be a Gibbs surface at
u = 0, given by the condition

[ e () — )] = 0 . (5.146)
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Fig. 5.6. Matching in the context of the generalized asymtotic analysis applied to
Sp (u) (dashed line) with du$™*(u) (solid line) at u = 4.

It is always possible to satisfy (5146l by choosing the position of the interface
(i.e. u = 0) accordingly. In essence, the interface position is determined by
the condition that the excess concentration on one side of the interface is
exactly compensated by the deficit on the other, as depicted in Fig. B This
can be interpreted as a solvability condition. It is one of the relations, which
is required to obtain sharp interface model equations via this generalized
asymptotic expansion.

A further necessary relation is obtained by matching the first derivative
of the chemical potential. In dimensional units it reads:

a(;’uin
ou

B aaﬂin
¢ ou

vAc = —I’C(

{) . (5.147)

Matching derivatives of the inner and outer solutions for x4 and extrapolating
to u = 0% by (EIZ3), yields the standard result

8#0‘“
- 07) : (5.148)

since p°"*(u) is linear for 0 < |u| < ¢. Finally, combining (5.145)), (5.146) and
(BEI48), results in the chemical potential of a moving, curved interface

B 8p°“t
0+ ou

vAc= —1T, (

Ac[p® (0, 8) — fleq] = —0ck + E2v + A + O(e?) | (5.149)
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f;mdu[é’;‘ (u)-cy" (u)]

O
S _. du[cy (u)-c3"(u)]

Fig. 5.7. Gibbs surface as defined by (5.140) pictured for v = 0. It matches the
concentration deficit on one side with the concentration excess on the other.

where A; is given in (2133 and

£2 = Fi /_ O; du (6" ]2 ~ [ (w)]?) (5.150)

All of the above can be combined into a single set of boundary layer equations
written in terms of the concentration. In the outer region these boundary
layer equations are related at order O(g) to the chemical potential by the
relationship

ou
= — . 151
5% eqéc (5.151)

Combining this result with (5149) and (5129) yields the Gibbs—Thomson
relation. In dimensionless units it reads
6¢(0, s)
Ac

op

= —dok(8) — Bkin? , (5.152)

where d,, is the capillary length given by
o

(4¢)*(0p/0c)eq *

0 = 0. + 04 the total surface tension given by

dy = (5.153)
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0o o in\ 2 acin 2
_ 0 0
a/mdu[m(au) +Kc<au)] , (5.154)

and Oyiy is the coefficient of kinetic undercooling, which reads

o 1 J¢ o2
o= e Ko ) o159

Equation (5I52) provides a boundary condition at the interface for the dif-
fusion equation (E.I142)), which can be written

0dc 9
where 5
D.=1. . (5.157)
dc eq

This must be solved in conjunction with (5.148]), which can be transformed
into

Acw(s) = [Dcaéc} - [Dcaéc] . (5.158)

ou | - ou | g+

The latter represents the well known Stefan condition, ensuring conservation
of energy at the interface. Thus (5.152)—(5.158) recover the sharp interface
formulation of this general class of moving interface problems represented
by an energy functional F as given in (5.108). Equations (5.153))—(E.155)
relate the physical parameters of the sharp interface description to the phe-
nomenological parameters of the diffuse interface model equations. They are
determined by K4, K. and by the exact position of the interface u = 0, as
expressed by £2. However, there remains a freedom to choose f in such a way
that thermodynamic consistency can be guaranteed.

5.4 Discussion

Here I will briefly summarize the impact of asymptotic matching approaches
for the overall context of diffuse interface modeling. Such methods can serve
to establish the correspondence of diffuse interface models and sharp interface
models. In this sense an asymptotic analysis does not necessarily involve a dis-
cussion of thermodynamic consistency. Instead the latter model is validated
completely by its equivalence to the sharp interface model in the respective
limits (either the “sharp” or the “thin interface limit”). However, such a
procedure misses the chance to apply diffuse interface modeling to growth
phenomena for which sharp interface formulations are not yet established.
In this case the thermodynamic theory underlying diffuse interface models
opens the possibility to proceed in the opposite direction, i.e. formulate the
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diffuse interface model on the basis of a variation of the thermodynamic
potential(s) first and then derive the sharp interface model from the latter
through the asymptotic analysis by at the same time taking into account
additional conditions to ensure strict relaxation of the potentials.

In this sense the great advance of the generalized asymptotic analysis
as described in Sect. [£.3] is to ensure thermodynamic consistency inherently
through general algebraic operations, which are independent of the specific
form of the free energy functionald. Thus the calculations are universal in
the sense that a freedom to choose F remains. Exploiting the concept of the
Gibbs surface explained in detail in Sect. [5:3.2] yields a solvability condition
to carry out the matching within this generalized framework.

Consequently this generalized asymptotic analysis opens the way to con-
struct physically consistent sharp interface descriptions of more complicated
multiple phase systems such as a solid in contact with a fluid which can
support flows. This will involve mode coupling terms in the dynamical equa-
tions. Once such governing equations are constructed, there is no longer any
conceptual difficulty in deriving the corresponding sharp interface equations.
In Chap. 6 I will present a detailed discussion of growth influenced by dif-
fusive as well as hydrodynamic transport in the bulk phase following these
ideas of exploiting the diffuse interface approach to establish the precise sharp
interface boundary conditions of the system.

5.5 Appendix

Appendix A: Transformation to Curvilinear Coordinates

The curvilinear coordinates (u, s) used in the text are related to the Cartesian
coordinates as [103]

r = R(s) + un(s) , (5.159)
where R is the position of the interface and n(s) is the normal vector. The
metric tensor g,g of the transformation from Cartesian to curvilinear coor-

dinates is given by
(1 0
9=\ o (1+ukx)? )’

where k = 960/0s is the curvature with § being the angle between the r!-
axis and the tangent to the curve. The Laplacian in (u, s) is obtained in the
following manner

Z \/7@7&\/» 045%

_E+Lg+#ﬁ,&g (5.160)
S ou? 14+ukou (1+uk)29s2  (14+uk)30s’ '

5 This holds provided that F describes well defined phases.
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where ! = u and 72 = s. (r! and r? denote the components of r.) g*? are
the components of the inverse of the matrix g and ks = 9k/0s.

Within the inner region, the fields vary more rapidly in u direction than
in s direction. This allows us to rescale coordinates (u, s) to dimensionless
variables as (@, 5) = (u/€,es/€). The dimensionless curvature is expressed by
k = ¢r/e and ks = &%k, /e?, respectively. In terms of these dimensionless
variables the Laplacian reads

£2V2—i+ig+iﬁ,%2
Cou?  l+eurdu  (1+eur)2052 (1 + euk)® 05
2 62
_ =\n 7 2 o n\| >
92 +nengo( €UR) 50 + <e ngo(nJr 1)(—eur) ) 952
~ 5 (33 )+ 2) () |
2 \" & 95
=Lo+ el + €Ly +ELs+ -, (5.161)
where
Lo = 9%/0u? (5.162)
L, = Rk0/0u (5.163)
Ly = 0%/05° — R*ud/0u (5.164)
L3 = —2ukd*/05* + F*u*0/0u — uks0/05 . (5.165)

Appendix B: Greens Functions

In addition an expansion for the inverse of the Laplacian, i.e. the Greens
function, is required [103]. The Greens function of interest is defined by

ViG(r,r') =d(r —1'). (5.166)

An expansion of this function can be derived in the following manner. Let
G(r,r’) = Go(u,s;u,5) +eGy(a,5;w,5)+ -, where

LGy =0 (5.167)
LoG1+ L1Gy = (5(17, — ﬂ’)é(g — §/) (5.168)
LoGo + L1G1+ LGy =0 (5169)

The solution for G is 0. Thus to lowest order the relevant solution for G is
(G1. (G1 satisfies the equation

—Gi(u,5,u,5)=6(u—1u)d(s—-75), (5.170)
u
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with solutions

w(s—5) —(<uw<u<o0
@Wé(s—3) —(<u<u' <0,

b o mué(5=5) O0<u <u<(
Gi (@54, 5) {ﬁ§(§§’) O<u<t <(.

The surface terms ST of (E-115) can be expanded as

+C in + — =/
stos [ apda ?{ ds’ [@(u’,g’)aG _ g on,s )”
0 a B

U ou’ ou'
+C + sl o
:i/ d* ?{d SN et [5%( / f/)w
0 n=1m=0 du
- Go(u, 5, 5’)%} ‘B = eSE+ESE -, (5.171)

where

£ Hein 0GE L 0m
St =+ / Ao f[; <5laf Glau)‘

d oGt less
SE== / d’cj{ [5;@ o 2

ou' ou'
_ P s 35#2”

2 ow Loow

(5.172)

Here the subscript B indicates that the integrands are evaluated on the
boundary at @’ = 0% and at @’ = +(.
Moreover the O(¢e) surface contribution becomes:

=87 +S+
in(=/ 5
60 <6M§n(0,s)+u85“1 (u’s)‘ )

ou’ ¢

+/O d-ag: <afm“g1€?"§)'+g+5u§n(o, g))
[ anidp -0~

7< =

—C
¢ |
/o dalcip (+0) — ciP(@)] (5.173)

. a5 in
= ouiP(0,5) + 5b

a/

o
ow

+¢

To evaluate the bulk contribution B, (B.114)) is expanded in powers of .

Then (E114) reads
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y dc™(x',t)
— 'GE(r,r) — 2. 174
/ 8u /Vi dr'G=(r,r") 5 (5.174)

Further a variable transformation r’ — @', § yields

1+dzlj/j Z 2 !

=1m=1

6 in in
a aﬂ/ (CO + 6601 + - )

=B+ 2B +--- (5.175)

C
B* =

xv, GE (1, 5; 1 5’)60

where

+¢ 00 80
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6c8’ 808‘ i 606“ décir
au ow U9 Bn aw } '

For the Greens function introduced above, B; results in

— v REGY) (5.176)

TFC -

201 (5 + :
B, — B+ BF — &£l )/ (@) — @2 . (5.177)



6. Application of Diffuse Interface Modeling
to Hydrodynamically Driven Growth

Taking up the line of argumentation of the previous chapter, here I will start
with a diffuse interface model of hydrodynamically driven growth at solid—
liquid interfaces. In particular I will be interested in the dendritic morphology
which is known to occur for quenches taking the system under investigation
from the liquid region of the underlying phase diagram to the liquid/solid
coexistence region (see Fig. 5.3 and Fig. 5.4). Basically dendritic growth
can be pictured as the advance of a solid phase shaped like a dendrite (see
Fig.[60) into the liquid phase. One question tied to this growth phenomenon
is that of the precise shape and the precise velocity selected during the growth
process. This is referred to as the selection problem of dendritic growth. Here
I will reconsider the selection problem of the dendritic morphology starting
from a thermodynamically consistent phase-field model of hydrodynamically
influenced dendritic growth. I will take its thermodynamic consistency as
validation of the model. I will then continue to carry out the asymptotic
analysis of the diffuse interface model. This analysis reveals an additional
term beyond the ones classically known within the sharp interface equations
describing dendritic growth. Due to the thermodynamic consistency of the
diffuse interface model from which it is derived I claim this additional term
to reveal further insight into the physics at the dendritic interface which
has not been considered classically. This is relevant for the comparison of
classical dendritic growth theory and related experiments, which still reveals
unsettled issues. Within this chapter I will recall these issues and meet them
with an analysis of the ‘new’” model equations including the non-classical term
obtained only by the analysis of the related thermodynamically consistent
diffuse interface model in the beginning.

Classically the problem is treated based on a set of equations containing
the Navier—Stokes equations and the relevant diffusion equations in the bulk
phases. These have to be supplemented by the correct boundary conditions
given by the Gibbs—Thomson relation, the Stefan condition, the no-slip con-
dition and the condition for the conservation of mass at the interface. The
basic structure of this set of equations will remain unchanged within this
chapter, however an additional curvature term within the Stefan condition
implies an energetic contribution in the interfacial region relevant for further
consideration.

Heike Emmerich (Ed.): LNP m73, pp. 97-130, 2003.
(© Springer-Verlag Berlin Heidelberg 2003
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Fig. 6.1. Picture of a single dendrite. Its precise shape and velocity are the main
issues of this chapter. This dendrite was grown at the Laboratory of Solid State
Physics of the ETH Ziirich in the group of Prof. Bilgram. Picture kindly provided
by Stalder.

A couple of diffuse interface models for solid-liquid interfaces includ-
ing hydrodynamic transport in the bulk can be found in the literature so
far [12, 13, 15, 17, 85, 250]. The basic assumption underlying their formula-
tion is that the solid phase is well approximated by a highly viscous isotropic
liquid. This requires the inclusion of Korteweg stresses, which can drive con-
vection [190]. Korteweg stresses are known from the theory of fluids near a
critical point, where they are given by a capillary tensor acting as the re-
versible part of the stress tensonl. Having in mind the structure of diffuse
interface models for diffusion limited growth, the basic formalism of models
extended to hydrodynamic transport arises from the transformation

) D 1)

(StHth&tJrv’v’ (6.1)
where v is the vector of the fluid velocity field. Moreover, consistency with
a formulation per unit mass rather than per unit volume has to be ensured,
since obviously mass is a conserved quantity whereas local density is not.
One can recognize the quantity on the right hand side of (G.I]) as the material
derivative with respect to time, i.e. the phase-field equations become invariant
under Galilean transformation.

! The irreversible part is provided by the standard viscous stress term of a New-
tonian liquid.
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The diffuse interface model, which underlies the analysis of this chap-
ter, was presented before at the end of Chap. 4. An asymptotic analysis of
the model was given by Anderson et al. in [18]. Here I will recall their ar-
gumentation and summarize some of their results as starting point for the
reconsideration of the dendritic selection problem with density change flow
included.

6.1 Diffuse Interface Modeling for Hydrodynamically
Influenced Growth

The formulation of the headline of this section reflects some of the difficul-
ties one encounters when talking about growth of a phase-separating inter-
face taking into account hydrodynamic transport in the liquid bulk phase.
Whereas “diffusion limited” growth is a fixed expression, “convection lim-
ited” growth does not seem to describe the possible physical set-up belong-
ing to that expression correctly: usually hydrodynamic as well as diffusive
transport of the temperature fieldd will be active in the bulk. In most cases
diffusive transport will even be the dominant one with hydrodynamic trans-
port only imposing corrections. Nevertheless it remains challenging to fully
grasp these corrections quantitatively for the big range of applications ap-
pearing in e.g. solidification, thin film growth, epitaxial growth or electrode-
position, to mention only a few. Modeling certainly is the first step to deal
with these problems. Within the framework of diffuse interface modeling it
was demonstrated at the end of Chap. 4 — following [14] — how a suitable
model can be derived by expressing entropy production in terms of transport
variables and identifying the forms which ensure entropy production to be
non-negative. One important feature of this model is that it couples fluid
motion to a non-conserved order parameter description. This offers the pos-
sibility to treat quasi-incompressible systems [208], in which the densities of
the two bulk phases are each spatially uniform. However, the overall density
p can be formulated as function of the order parameter varying smoothly
within the interfacial region. Thus

p(®) = psr(¢) + pr[l —7(9)], (6.2)

where pg and pp, are the densities in liquid and solid, respectively. The func-
tion r(¢) is monotonically increasing with r(0) = 0 and (1) = 1. Suitable
choices include r(¢) = ¢ and r(¢) = ¢*(3 — 2¢). Assumption (6.2) is called
quasi-incompressible, since density may vary in the interfacial region but
thereby does not depend on pressure. It places a constraint on the form of
the underlying thermodynamic potential as stated in [208]. In particular it
requires that the underlying Gibbs free energy density is given by

2 In case of multicomponent materials diffusion of solute will be involved in the
growth process as well.
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9(T,p,6) = go(T, 6) + pp‘( jf‘ 7 (6.3)

where pg is a reference pressure associated with an isothermal, stationary
planar interface at melting temperature Th;.
In their analysis in [18] Anderson et al. take go(T, ¢) as

00(T,6) = |eo — ¢Tas — (@)L - ﬁHmw) (1- %)
_ c-Tln(%) n iHm(@ , (6.4)

in which case the corresponding expressions for the internal energy and en-
tropy densities are

e = e+ (T —Ty) —r($)L + éHm(qb) - % (6.5)
5= TiM[eo ()L + iﬂm(@] +c'1n(%). (6.6)

Here 1/ag = 1/a — 1/ags. 1/a is simply the height of the double well of the
Gibbs free energy density at 7' = Tys. 1/ag and 1/ag are heights of the
double wells within the internal energy and entropy densities, respectively.
Moreover, the quantity eg is a constant reference energy and both the heat
capacity per unit mass ¢ and the latent heat per unit mass L are assumed to
be constant.

Note that the double—well function H,, appears in the “per unit mass”
quantity go(T,¢). The analog per unit volume quantity associated with
p(9)go(T, @) is p(¢)Hp(¢) = Hy(é). A common form of a double-well poten-
tial is the function ¢?(1 — ¢)2. In standard phase-field models, which do not
include convection, it is usually associated with a “per unit volume” quan-
tity (see e.g. [289]). In applications, in which the density of the two phases
is constant and equal, the per unit mass and the per unit volume specifi-
cation of the double well are equivalent. However, in the present situation
the bulk densities are not necessarily equal. Thus the per unit mass formula
H,.(¢) = ¢*(1 — ¢)? and the per unit volume formula H,(¢) = pr¢?(1 — ¢)?
with subsequent H,,(¢) = pr$?(1 — ¢)?/p(¢) result in different approaches.

For a detailed description of the algebra involved in the asymptotic analy-
sis of (4.98)—(4.101) the interested reader is referred to [18]. Here I will merely
state the basic steps and results: Assuming an expansion of outer variables
as

u=ug +ecuy +2uy + ... (6.7)
P =po+epr + 2pa + ... (6.8)
¢ =¢o+ed1+ P + ... (6.9)
0 =6y + by + %09 + ... (6.10)
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and an analogous expansion of inner variables as

U =Uy+¢eU; +°Uy + ... (6.11)
1
P = E[PO+€P1+€2P2+W] (612)
D =Py +edy + 2Py + ... (6.13)
O =0y +:c0; +e%05 + ... (6.14)
1
M = —[M + M, + M, + .. (6.15)
leading-order equations in the bulk phases read:
D
7])1‘;0 = _va —+ PT‘V * 70 (616)
V-uy=0 (6.17)
DOy | o SPr
| 0 in the liquid phase
o o { 1 in the solid phase . (6.19)
Here 6 is related to the internal energy e via
) eSp* 1
0=e— —H,,(¢) — —. 6.20
e = () + 5 Hu(0) ~ 5 (6:20)

Apart from the last term on the right hand side of (6I8) the above set
of equations (BE.16)-(GI8) are nothing but the incompressible Navier—Stokes
equations and the diffusion equation for the temperature field respectively.
To denotes the leading-order terms of the viscous stress tensor given at the
end of Chap. 4. Pr refers to the well known Prandtl number representing
the ratio of kinematic viscosity to diffusivity in the material. The additional
term SAIZYT To can be understood as a source term resulting from the rate of
work of forces acting at the boundary of each volume element (compare to
(4.80)). For small coefficients £~ this term can be neglected.

To obtain information about the physics in the interfacial region resulting
asymptotically in boundary conditions, I turn to the analysis of the behavior
of inner variables invoking matching and solvability conditions as described
in the previous chapter:

Continuity Equation
The leading-order problem for the continuity equation (4.98) can be
solved to obtain the form of U3 through the interface as
Jo
U3 = +V,, 6.21

0 p(Po) ( )
where Jo = pr(uglr -0 — V,,) = ps(ugls - i — V},). Thus matching the
velocities results in
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3

pug-n—V,)[§=0, (6.22)

which is nothing but a boundary condition stating conservation of mass
through the interface.

Momentum Equation

As a second condition for the velocity components one would expect
the so called no-slip condition for the tangential velocity components to
arise at the interface. Indeed it can be recovered by an analysis of the
momentum equation (4.99). At leading-order [O(e71)] one finds that the
normal] derivatives of the velocity components satisfy

[up — n(ue -n)]|5 =0. (6.23)

Together with (6:22)) this implies that the tangential components of the
velocity field vanish.

Phase-Field Equation
Analyzing the phase-field equation (4.100) at leading- and at first-order
yields a solvability condition, which can be expressed as

Yo ; L 1
L(l—-—)=—"K—-(up-0—V,)— .
( TM) PL ( 0 )T]\/I,U/mob

(6.24)

Here T7 is the interface temperature and ppop the interface mobility. K
represents the curvature of the interface in a two-dimensional system,
7o the surface energy. Thus (6.24) is nothing but the classical Gibbs—
Thomson condition with the two terms on the right-hand side of the
equation summarizing the effects of curvature and attachment kinetics,
respectively.

Energy Equation

Last the energy equation (4.101) has to be taken into account. Leading
order contributions originate from dissipation, from thermal diffusion and
from the advective term in the energy equation. Examining the O(1)
problem one can identify a heat flux boundary condition. The respective
analysis involves the inner velocity component correction U7, which is
determined from the correction to the continuity equation. It yields a
heat flux boundary condition as follows

ki VTG = (aolz - 0 — V) [prL + %K - (6.25)

This is the classical Stefan condition modified to account for motion in
the solid and liquid bulk phases as well as the curvature of the interface.
The effect of flow only enters in the first factor on the right-hand side,

normal with respect to the interface
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where it arises as the normal velocity of the material relative to the

interface. The curvature effect follows from the term ¢4V - (I E)% in
(4.101). Tt represents the internal energy gradient and double—well terms

in the model.

In [18] Anderson et al. discuss some earlier work considering this term:
In the context of phase-field modeling it had been identified before by Fife
and Penrose [116] and Fried and Gurtin [122]. Within sharp interface formu-
lations Wollkind and Maurer [299], Umantsev and Davis [284], Zhang and
Garimella [301] and Schlitz and Garimella [247] had studied its effect on
the stability of an interface in the context of diffusion limited growth and
Lemieux and Kotliar [205] its influence on velocity selection during diffusion
limited dendritic growth. They showed that in this case the curvature term
increases the values of selected velocities. Viewed in the light of experiments
by Glicksman et al. summarized in 1994 in [129], the findings of Lemieux et
al. dating back to 1987 appear quite interesting. Glicksman et al. researched
the difference between the theory of diffusion and hydrodynamically influ-
enced dendritic growth in detail based on microgravity experiments. Prior to
these experiments Huang and Glicksman had performed terrestrial growth ex-
periments using the transparent organic material succinonitrile (SCN) [149].
The data of the latter was in good agreement with the analytical theory
for velocity selection in diffusion limited dendritic growthH except for low
undercoolings. A plausible reason appeared to be the fact that at low un-
dercoolings the driving force due to the temperature gradient gets smaller
and smaller. In turn hydrodynamic effects start to become more and more
important and could become visible exactly in such a manner that it would
explain the deviations from the analytical curve. Microgravity experiments
were thought to be the way out, since buoyancy — as main force driving hy-
drodynamic flow — is suppressed. Nevertheless the experiments by Glicksman
et al. revealed deviations from the analytical curve at low undercoolings, as
well, even though somewhat smaller in their absolute value (Fig.[6:2]). Indeed
there exists some flow, which occurs under microgravity as well, namely the
so called density change flow. This expression density change flow refers to
hydrodynamics with the only mechanism driving hydrodynamic flow being
the density change the material undergoes when solidifying. Thus at this
point one could wonder whether density change flow does lead to noticeable
deviations from diffusion theory in particular at low undercoolings. However,
steady state solutions of the classical sharp interface equations governing den-
sity change flow had been determined by McFadden and Coriell in 1986 [212].
They showed that the effect of density change flow is of the order of the den-
sity difference between solid and liquid phase normalized with respect to the
density in the liquid, which I will call € in the following:

4 A thorough review discussing velocity selection in the case of diffusion limited
dendritic growth is given in [42].
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Ps — Pl
€= .
2

This implies that it is minor for most experimental set-ups, in particular for
SCN with € = 0.028. (Other values are, e.g., e = 0.065 for aluminium and
e = —0.09 for silicon. Note that for silicon density increases upon solidifi-
cation.) Moreover, in comparison to diffusion limited dendritic growth their
analysis reveals a decrease of growth rates with e. The experimental curve
by Glicksman et al., on the other hand, displays an increase (see Fig. [6.2)).
Thus even qualitatively density change flow proved to have rather the oppo-
site effect than the one desired to explain the experiments. McFadden and
Coriell did not proceed their studies with a perturbative analysis as neces-
sary to investigate the influence of surface tension on the steady state solu-
tions. A comprehensive solution including the dependence of growth rates on
anisotropic surface tension § obtained via an irregular perturbation expan-
sion was first given for diffusion limited dendritic growth by Brener [43]. It
reveals corrections as ~ 37/4. From this one can assume that for SCN with
anisotropy factor 8 = 0.55 [224] considering surface tension effects within the
McFadden/Coriell-solution cannot help to explain the experiments by Glicks-
man et al.. Thus at this point it seems useless to carry out the full irregular
perturbation analysis for the classical problem of density change influenced
dendritic growth hoping to gain new insight compatible with experimental
evidence. However, turning from the classical sharp interface formulation of
the problem towards the non-classical one with an additional curvature term
in the energy equation as in (6:2H), one can hope that the findings of Lemieux
and Kotliar for diffusion limited dendritic growth will carry over, i.e. that also
in the case of density change influenced dendritic growth an irregular pertur-
bation expansion taking into account the additional curvature term will result
in an increase of selected velocities and thereby explain the experiments.

The following section is devoted to an investigation of this idea. A first
step is an analysis of (6.16)—(6.I8) and boundary conditions (6.22)—-(6.23) in
the framework of dendritic selection theory. This analysis is carried out in
a way originally proposed by Kruskal and Segur in [191]. In the context of
dendritic growth this method was employed by various authors, see e.g. [236]
and references therein. It starts from the derivation of a zero surface tension
solution. This solution is subsequently analyzed further within the framework
of regular as well as irregular perturbation theory.

6.2 The Selection Problem
of Dendritic Growth Revisited

To begin a detailed study of dendritic selection in the case of density change
flow at this point I recast the governing equations and boundary conditions
suitably for the parameter regime % < 1 [117]. Here the operator % is given
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Fig. 6.2. Figure taken from [129]. The dotted line refers to the selection theory of
diffusion limited dendritic growth, the solid data points to microgravity experiments
and the white squares and circles to two different terrestrial experiments. The
theory curve for density change influenced growth would run below the dotted
curve depicting the diffusion theory (compare to Fig. [6.4).

by the full form % +uV to elucidate the necessary coordinate transformations
in the following. Moreover, the thermal diffusivity D, the volumetric specific
heat ¢ = pscs = pic; and Tses = Tic; are assumed equal in both phases.

Basic Governing Equations

In the liquid phase the heat conduction equation for the temperature field
T corresponding to (G.I8]) can be written

oT

5 F@V)T=D VT, (6.26)
where u denotes the velocity of the hydrodynamic field satisfying mass con-
servation

V-u=0 (6.27)
and the momentum equation
0 1
=4 (wV)u=—-—Vp+vViu. (6.28)
ot Pl
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v is the kinematic viscosity of the material in the molten (liquid) state, p; the
density of the melt and p the pressure field. (6.26)—(G.28) hold for a frame of
reference at rest as well as moving at constant velocity.

Within the solid phase, the heat conduction equation is of the same type
as (6.26), however the velocity is constant and determined by the velocity of
the reference frame. Choosing it as Vi = Ve, one obtains

oT

ot (Vex-V)T = DV*T . (6.29)
At the crystal-melt interface the fluid flow satisfies conservation of mass as
well as a no-slip boundary condition:

pi(u—Vex) -n=(p—ps)(v-"Vex) -n, (6.30)
(u—Vex)-t =0, (6.31)

where v denotes the velocity of the interface. These equations correspond
to (6:22) and (6.23)), respectively. n and t denote the unit normal and unit
tangential vector to the moving interface. In (6:30) and (E31]) the velocity
u— Ve, refers to a frame of reference at rest. The temperature directly at the
interface is specified claiming local thermodynamic equilibrium, which yields
continuity of temperature

T, =T, (6.32)
as well as the Gibbs—Thomson relation
T =Ty (1 — /{) . (6.33)
psQ

Equation (6:33) corresponds to (£:24)) neglecting kinetic terms. Here, Ty is
the crystallization temperature of the planar interface, ps@ the latent heat
per unit volume of solid. It is related to the mean latent heat L appearing
in (6.24) via L = £* - Q. v denotes the anisotropic surface tension (see (2.8))
and « the local curvature of the interface.

Moreover, energy is conserved for the phase transition occurring at the
interface. Thus:

VE a B n
ps@ (1 - psQ> (u—Vex) n=[kVT), - (kVT),] n. (6.34)

This is the final boundary condition at the interface corresponding to (6.25]).
The left-hand side of formula (.34) expresses the latent heat release per unit
volume of the solid phase. It is equal to the total energy flux away from the
interface into both phases as given on the right-hand side of (6.34)). Introduc-
ing a modified latent heat L, which takes into account unequal specific heats
¢; and ¢, as follows

L=Q+cTy—caTu, (6.35)
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it is possible to replace (G.34) by

psL VK
1 _
pict ps@

J(u—Vex) n=D[VT),—(VT),] n. (6.36)

Boundary conditions at infinity (z — —o0) are assumed to be given by:

u — Vey (6.37)
T T . (6.38)

Dimensionless Governing Equations

The analysis of the above set of equations (G.26)—(6.38) with respect to the
selected growth velocities is simplified choosing dimensionless Variables by
rescaling spatial coordinates by p and the time coordinate by % — ° Here p
is a reference length scale specified as tip radius of curvature of the zero
surface tension solution. The velocity field u is expressed in units of %, the

relative to the melting temperature of the flat interface Ty, ie. T = (T' —

TM) , where the prime indicates the dimensional temperature.
Expressed through dimensionless variables heat conduction in the liquid
phase reads

T
(?97 + (uV)T = V2T (6.39)

Mass conservation (6.27) remains formally unchanged. The momentum equa-
tion is now given by

0
a—l: + (uV)u=—Vp+ Prviu, (6.40)

where Pr = 4 is the Prandtl number. To eliminate pressure one determines

the curl of equation (6.40). This results in the vorticity equation

Oow

2t (uV)w = Prviw. (6.41)

where w = (V X u)-e, is the scalar vorticity. Heat conduction in the solid
phase takes the dimensionless form:

%+P( V)T = VT, (6.42)

5 Actually the analysis of the phase-field model as summarized in the previous sec-
tion is simplified by choosing dimensionless variables, as well. Moreover curvilin-
ear coordinates were employed within the original work. To keep the summary of
the previous section short such details were omitted. Again the interested reader
is referred to [18].
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where P, = % is the Peclet numberfl. With ’;—j = 1+¢, the boundary condi-
tions for the hydrodynamic field at the interface expressed in dimensionless
variables read:

un=~F(l+eex-n—ev-n, (6.43)
u-t =Fex-t. (6.44)

Condition (6.32)) stating continuity of temperature remains unchanged. The
Gibbs—Thomson equation now reads

T =—6a(0)x , (6.45)

where 6§ = d—p" = Tf,‘é;;c is the capillary length d, in units of p.

Finally, energy conservation can be expressed as

(14¢—0k)(—Pex+v) -n=[VT),—(VT)] n. (6.46)
The boundary conditions at infinity become (6.38)) and

u— Pex. (6.47)

Equations in Parabolic Coordinates

A further step to simplify the following analysis can be taken by transforming
the above equations to parabolic coordinates (£,n) (see Fig.[6.3]) defined by
x = %(52 —n?) and y = £n [219]. This transformation allows for a separation
of variables. Moreover a stream function (&, n) defined as

1 oY
- 6.48
Y= e o (6.48)
-1 o
(6.49)

Wy = —F/———=—r
TP e 0
allows me to rewrite the governing bulk equations as follows:

Liquid Phase

or ooTr oYoT O*T O°T
2 2 —_— = — —_—
(& +n )875 + on 06 9 0y 0 + o (6.50)

6 Note that P. is not exactly the same as the interfacial Peclet number Per, =
&v/D (see Sect. 5.3) in the sense that the length £ is related to the diffuse
interface thickness of a phase-field model, whereas the length scale p denotes
a characteristic length scale of the sharp interface model ([6.26)—(G38). Here it
can be identified with the tip radius of the zero surface tension solution of the
problem.
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n =4 n =3
y=10 \ n =2
y=0
y=-10
x=-10 x=0 x=10

Fig. 6.3. Definition of parabolic coordinates (£,7) as underlying the analysis in
the remainder of this section [219].

Ow  Opow 0OYPow 0T 82
(& +n )8t + on 9 9 o = Pr (3{2 + = (6.51)
0% 9% 2, o\
87624_87772_‘_(6 +7)w=0 (6.52)
Solid Phase
5 oT or 8T _0*T | 0*T
(& +n’) g + P S5 ) " e tap (6.53)

Interface With the interface shape function n, defined by n—ns(£,t) =0
one can rewrite the boundary conditions expressed in parabolic variables
as follows:

e Mass Conservation

O +n,0h = Pe(1+€) (€ns) +e (£ +m2)0ms . (6.54)

e Continuity of tangential components of the hydrodynamic field
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*77;357/1+3n¢ =P, (57775772)’ (655)

where the prime denotes differentiation with respect to &.
e Energy conservation

(1 +e— 55) [Pc(gns)/ + (773 + 52) 6t778} = (_77;86 + 877) (Ts - Tl) .

(6.56)
e Continuity of temperature (6.32))
e Gibbs-Thomson Relation
T = —dalns(§)lkns(6)] , (6.57)
where the curvature is determined by
1 g 5 fq_ s
(@) =~ Tt ) (658)
S\ (L+n®) (@) (140
and anisotropy by
)" (€~ nand)”
Al (€)] :176+8ﬂ(€n 1s)” (€= nsml)” (6.59)

(€ +n2)° (1+m2)°
Infinity Boundary conditions at infinity are now given by (6.38) and
Oetp — FPen (6.60)

3n¢ — P (6.61)

(The underlying derivation of operators in parabolic coordinates can be
found in the appendix of this chapter.)

Steady State Solutions

A first step when searching for the solutions to the problem given by (G50)
to (GBI is to derive steady state solutions for the case of zero surface ten-
sion. These solutions can then be used as basis to find the solutions of the
full problem in a perturbative manner. In the case of zero surface tension
the temperature at the interface is constant (7' = 0) and a family of exact
solutions can be found. In order to determine these solutions one assumes
that T" depends on 7 only, so that the shape of the interface is a parabola
ns(€) = 1. In this case equation (G.50) reduces to:

oY dT 9T
S = (6.62)

Thus for the stream function the following ansatz
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Y =2Ef(n) (6.63)
must hold. With ([GE52) this yields a vorticity
PSR S (6.64)

VE +?
The simplest solution of (65I) is the one for which the vorticity vanishes ev-

erywhere, i.e. f” = 0. Integrating twice one finds that all boundary conditions
can be met:

fn)=Pe(n+e). (6.65)
Inserting relation (E67) into (6.62) and integrating once results in
oT P, P,
o = —P.(1+¢€)exp [26(1 + 6)2:| exp [—20(77 + 6)2] . (6.66)

One further integration yields

T(n)Pc(lJre)exp[ (1+e¢) }/de exp {(ere)} . (6.67)

This can be expressed in terms of the complementary error function as

T(y) - Ty = \/?(1 + ) exp [Zcu + 6)2} erfec (ﬁ(n + e)> . (6.68)

Moreover, the dimensionless undercooling can be obtained with n = 1 in

(668) as:

A=-Ty, = 7T2Pc(1 + €)exp [I;C(l + 6)2:| erfc <\/§(1 + 6)) . (6.69)

As stated at the end of Sect. 61l steady state solutions of dendritic growth
considering density change flow have been determined before by McFadden
and Coriell in [212]. Their analysis was carried out in cylindric coordinates
with same scaling, however defining P, as % rather than % as assumed
here. The conclusion they draw from their analysis coincidences with (GGS),
i.e. the effect of density change flow is of order ¢ and hence minor for most
experimental set-ups. The remainder of this chapter is devoted to the question
whether surface tension effects alter this preliminary view on dendritic growth
influenced by density change flow noticeably. Within the context of classical
sharp interface equations this analysis would have been useless as pointed out
at the end of Sect. 61l However in connection with the results by Lemieux
and Kotliar one can hope that the additional curvature term within the
energy condition ([6.34) will increase values of selected velocities in a way,
that they provide an explanation for the experimental data in [129] at low
undercoolings.
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Regular Perturbation Expansion

A regular perturbation expansion serves to determine the stability of the
above solution. To carry it out, the following expansions are employed:

T =T°+0oP.(14 )T + ... (
Ns =19 +ons + ... (6.71
w =w'+oPw +... (
Y =YY foPapt + ..., (

where o = ﬁ. Inserting these expansions the following set of first-order

equations is obtained:

Liquid Phase
T T T oy or' _ oul or

_ = - _ i .74
0€? + on?  on 9 9¢ On o€ on (674)
o*Tt 9T oT? oT! oyt oT°
7@52 +87772—P6587£+Pc(77+6)87n—_87§87n (6.75)
o%w! %wt O ow't Oy dw!
P’I“a€2 +Pr(97772_877787£+87€877]_0 (676>
Pwl  JPwlt Owt Ow?
gt el PRI =0 (6T)
o*pt %! 2, 2y 1 _
ger T gy TE )t =0 (6.78)
Solid Phase
o*Tt 92T oT? oT!
T£2+T7727P65675+P0n877770 (6.79)
Interface
dept = e (nl) (6.80)
Oyt = € (nt)’ (6.81)

(nd) + P(1+ et + P(14+6)72 + 8877 (T} —TH =0  (6.82)

T =T} ! (6.83)
1—151 = - (1 + 5)7%
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Infinity
" =0 (6.85)
oYt — 0 (6.86)
et — 0 (6.87)
at n — oo as well as at £ — oo.
Smooth Tip Condition
(nh)' (0) =0 (6.88)
n;(0) =1 (6.89)

at £ =0.

Solving the First Order Equations

A solution of the first-order equations can be obtained via separation of
variables [117]. The starting point of the following analysis is the homo-
geneous heat conduction equation associated with the inhomogeneous
equation (6.75) valid in the liquid phasefl:

82T;]; 82T,} oT} oT}
- P, h 4P, —h —. 6.90
o o 3 o + Pe(n+e) on (6.90)
Based on the ansatz
Ty (&m) = X (&)Y (n),
this can be rewritten as
X" — PtX' +2P X =0, (6.91)
Y +P.(n+e)Y' —2PAY =0. (6.92)
Choosing
v="L€ X =X(z), (6.93)
(6-91)) is transformed into Kummer’s equation
1
xX”+<2—x> X' +AX =0, (6.94)

with a fundamental set of solutions given by
M(—)\, %,CU) (regular at E=x = 0)
X(LE) a {U(_)M %733) (Singular at E =x = ()) .

7 The definitions of special functions appearing in the succeeding analysis follow
mainly [3], partly [219].

(6.95)
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Here M and U are the confluent hypergeometric functions. Suppressing the
divergence of the solution at & = = = 0, an appropriate choice of X (z) is
restricted to

—~

- - —AMn

(1)1 : )2'$2+___+(1 )’
(31 7)22! (3)nn!
where (a),, is the Pochhammer symbol, i.e. (a), = a(a+1)(a+2)...(a+n—1)
and (a), = 1. On the other hand, M(—A, 3, 2) grows exponentially, i.e.:

T+

1
X(z) = M(=X, 5,3:) =1+ x"+..., (6.96)

—~

1 (i
M(=M, 5,1‘) ~ F(EQ)?)x_A_éem as r — 00, (6.97)
unless I'(—\) is infinite. This implies A = 0, 1,2, ..., in which case the series

in (6.96) truncates. Thus the acceptable solutions of (E.91) are the Hermite
polynomials

x(© =M (-0 3 F&) = o (=5) Ha (VEE) . 699)

where A=n=20,1,2,...

Moreover, turning towards (6.92) it is convenient to introduce

y=VPiln+e).Y =T Z(y) - (6.99)

This results in Weber’s equation:

y? 1
7' — (L +2n+=)Z2=0, (6.100)
4 2
which fundamental set of solutions read
U (2n + 1 y) = D72n71(y)
Z(y) = ’ .101
w={ Tt 7 (6.101)

where U and V are parabolic cylinder functions. For large y they display the
asymptotic behavior:

’92 9 1 ,y2
e TD 9, 1(y) ~ax " e 7,

y? 6.102
e” TV (2n+1,y) ~/2y*. ( )

For exponential decay of the solution as  — 00, one has to choose D_g,,_1(y)
accordingly:

Y(n)=e TH9°D 4, (\/Fc(n + e)) . (6.103)

Thus the solution of the homogeneous equation ([6.90) can be expanded as



6.2 The Selection Problem of Dendritic Growth Revisited 115

TiE zaH( ) D W)
L(Em) o WIS ) m e p (R )

As a consequence the overall solution of (E73) for inhomogeneous heat
conduction can be expressed based on a Greens function formalism as:

roT oyt OT°
Tzl(é,n)zTﬁ(E,n)—/dé“’/dn G ;& n) (;/; e — (&, 7). (6.105)
1

0

Here one can define the general formula for the Greens function G(&,n; &', 1)
as a solution of
0?’G  9*°G oG

e T ap TS

oG
g H RO OG =0E =€) =), (6.106)

with suitable boundary conditions at 7 = oo and £ = 0. The Greens function
can be obtained following the general outline given in [219]. As a function of
¢ it can be expanded into a set of Hermite polynomials as given in (G.98]). A
general approach to G taking into account &- as well as 77-dependence reads

G(&m &) ZA (€' ) Hon (V/P5) - (6.107)

n=0

Inserting (6.107) into (G.106) yields:

e 2
GEn&m)=> {;}2& + P.(n+ e)a%A" — 2P.nA, | Hap(y/P.£)
n=0
=0(6—-&)omn—n) . (6.108)

At this point it is appropriate to take advantage of the orthogonality relation
of the Hermite polynomials:

o0

_2 0 forn #m
/ dte™ s Ha(t)Hm(t) = {\/ﬂn‘ for n i m (6.109)

—00

Since Hs,(t) is an even function of ¢ an alternative way to express this or-
thogonality is given by:

2
/ dee= "%
0

Applying the projection operator of (6I10) to (GIU8) one obtains
2

P

(V/Po&)Hopm (V/P.E) = ,/QP (2n)! . (6.110)

B, + P.(n+ 6)%Bn —2P.nB, =6(n—1n'), (6.111)
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where
Any /35 (2n)!

e F O, (VB
Thus the problem is reduced to finding a one-dimensional Greens function
defined by ([BI1T) with general form [3]:

n

1 y1(n)y2(n’) for n <=/
B,=— . 6.112
Ay, 92) {yz(n)yl(n’) for n > n’ ( )

Here the Wronskian A(y1,y2) is evaluated at 7. y; and y2 are two indepen-
dent solutions of the homogeneous equation

02 0
2 4P )y —

as given by (6.99) and (6I01), or a suitable linear combination of both.
The choice of y; and ys depends on the boundary conditions one imposes.
Suppressing divergence at infinity results in:

() = e~ FOH D, (\/176(77 + e)) . (6.114)

2P.ny =0, (6.113)

For y; one is more flexible and can introduce an additional parameter ~,,
which allows for a variety of boundary conditions one does not need to specify
at this point. Thus:

y1(n) = {%D72n71 (\/Fc(n + 6))
(o k)| B

For the subsequent calculation of the Wronskian A(y1,y2) = y1 a%yg — Y2 a%yl
it is appropriate to define the abbreviations:

z=VP+e , c=m , ul@)=Dosus(VEm+9) |
U(x)zV(Qn—i—é,JE(ﬁ—i-@) .

With these notations solutions y; and y, read:

2 22

T

T

y1 = [eu(z) —v(x)] e T, yo = u(z)e”

Denoting differentiation with respect to x by a prime, the Wronskian can be
rewritten as

0 0 2 2
Ay, y2) =0 BV Vgt = VP.(w' —vu')e ™ /2 = \/P.A(u,v)e™" /%,
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where A(u,v) = uwv’ —vu' is given in [3] as:

Au,v) = 2 .

s

Thus:

2P 2 tep?

A(Z/L?JQ) =

This is independent of ¢ = ~,. With these expressions the Greens function
reads:

™

G(&,me ) = eF O+ =ge ety (6.116)
where
g(&m:€n') (6.117)
= i Hy(V/Pof) Hon (VP ) Dy (V/Pe (s +€) ) e 5 (24"
(2n
n=0

{%Dznl (VPtne+0) -V <2n + 5 VP + 6))} o EEmeto?

Here 7~ refers to n > n’, whereas n refers to n <7’
To solve for heat conduction in the solid phase, separation of the
two variables ¢ and 7 is employed as well:

T (&m) = X(©Y ().

This yields (691) and (6.92) with € = 0. Following the steps to derive (6.98),
X (£) is determined in the same manner as for the homogeneous heat con-
duction problem in the liquid, yielding (698)). To solve (E92) for e = 0 it is
convenient to choose

y=—-Ln Y =Y(y). (6.118)
Thus (B392) for € = 0 is transformed into Kummer’s equation (see (694))).
The solution regular at y =n =0 is M(—n, 2,y). As a consequence

Y(y) =M <n,1 Z%;?) = (27;‘1!)! (;) " (i\/En) . (6.119)

27

Therefore the solution of heat conduction in the solid can be expanded as:

T} (&) ZﬂnHzn (\Fﬁ) W . (6.120)
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Linear Solvability Theory

Accordingly 1 of (6115) is selected as
1
yl(n) = |:V (2n+ 5, V P, (1 + 6)) D_3,1 (\/ P, (77+ 6))
1 . 2
—D g4 (\/PC (1+ e)) 1% (2n + 5 VP (n+ e)ﬂ —TEmre?

As a consequence 7, is determined via (6115) and thereby specifies the
Greens function G based on ([6I117). In turn G enters (6.105]) and thus selects
T/, which has to satisfy the first-order boundary conditions (682)(E84). At
this point one has to realize that it is impossible to satisfy all three of these
boundary conditions together. Thus the steady state solutions derived in the
beginning of this section are destroyed by isotropic surface tension.

Irregular Perturbation Expansion

However, from diffusion limited dendritic growth it is known as well that
anisotropy of surface tension can cure the problem we encountered at the
end of the last section, i.e. destruction of steady state solutions through
isotropic surface tension. In fact, anisotropy of surface tension selects a dis-
crete spectrum of growth velocities for the case of diffusion limited dendritic
growth, of which only the fastest growth mode is linearly stabldd. In this
case it is necessary to study the additional effects arising from anisotropy in
the complex plane, e.g. via a WKB formalism [236]. The key point of such
an irregular perturbation expansion is the evaluation of a related eigenvalue
problem in the complex plane. This eigenvalue problem itself arises from the
difference between the governing equation with zero surface tension solution
inserted respectively the perturbed solution inserted. Its analysis results in a
matching condition between the regular and the irregular parts of the solu-
tion. One can analyze this solvability condition further to derive the selected
tip velocity as:

D(1+¢€)o(B)

do

where o(f3) refers to the dimensionless growth rate known from diffusion
limited dendritic growth [42] and P2(A,¢) to the respective Peclet number,
which here is a function of € as well. The precise relation determining P2(A, ¢)

reads
A= ﬂ-gc(l + €) exp {I;C(l + 6)2} erfc <\/§(1 + 6)) : (6.122)

8 A concise review article discussing the selection problem in the case of diffusion
limited dendritic growth is given in [42].

Vrip = P%(Ae), (6.121)
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It is obtained — just as in the case of diffusion limited dendritic growth — from
the relation expressing the temperature for the zero surface tension steady
state solution right at the interface. The A— as well as the e—dependence of
P, is visualized in Fig. [6.4]

6.3 Comparison to Experimental Data

Obviously it is € = % which contains the density difference between liquid
and solid phase and thus the origin of the additional driving force, which
characterizes this growth problem compared to diffusion limited dendritic
growth. Five different solutions for P, corresponding to five different values
of € are plotted in Fig. [6.4]

10 ; .
il gie 8.8 S
_./,.
g e pasnes r 3
BE Eom Bl s
oot | ]
. N
o i
0.001 | : |
0.0001 |- ]
0.00001 F . ]
L3 n n i n 1 i | n n
0.001 0.01 0.1 1
A

Fig. 6.4. The Peclet number P. as obtained in (GIZI) plotted for five different
values of €. The relation of these curves to experimental data is discussed in more
detail in the text.

The case realized by most materials, namely ¢ > 0, obviously results in
reduced growth. For a real material such as e.g. succinonitrile with e = 0.028,
at A = 0.01, velocities are only 95.38% of the ones in the diffusion limited
case and only 94.63% at A = 0.7. The reason is that for p, > p; density
change flow drives a hydrodynamic flow towards the dendritic interface. This
hinders the transport of latent heat away from the dendrite and thus slows
down the solidification process.
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(a) (b)

Fig. 6.5. Comparison of a no-slip condition for (a) sharp versus a no-slip condition
for (b) diffuse interface models. The term forcing a hydrodynamic flow as depicted
at the right enters as source term within the hydrodynamic equations of a diffuse
interface model. It can be interpreted as a dissipative boundary force.

Moreover, the above results indicate that the effect of density change flow
on a dendrite’s tip evolution increases at low undercoolings. Again such a
dependence on the undercooling can be explained by the fact that at low un-
dercoolings the temperature gradient as main driving force becomes smaller
and smaller. Thus it overrides hydrodynamic effects less and less. As a conse-
quence one would expect to observe the effects of density change flow within
these parameter regimes at least in microgravity experiments, where buoy-
ancy does not override density change flow. Indeed — as indicated at the end
of Sect. — a difference between the theoretical solution for purely diffu-
sion limited dendritic growth and data of microgravity experiments has been
reported previously. One well known experiment along this line is the one
by Glicksman et al. [129]. However, comparing the above theoretical results
including the effect of density change flow to the experimental data by Glicks-
man et al. one realizes that the difference between theory and experiment is
even larger than for diffusion limited dendritic growth theory (Fig.[6-2). This
result is found in numerical simulations of respective phase-field model equa-
tions as well.

The precise model equations for the simulation results presented below
are

Heat Conduction Equation

or B oI't(¢)
S w)T = V(Dr VT) - =L

Phase — Field Equation

P WV e= VI 4 Velo— &) + My

1— 2
! O ST =1+ ()

(1+¢?)
Navier — Stokes Equation
ow

1
E-F(W'V)W = —EVp—i—VVQW—i-FNS
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Fig. 6.6. Simulation depicting four different stages of density change influenced
growth for € = 0.3. The evolution runs from upper left to upper right, lower left and
lower right. The corresponding time steps of the numerical simulation are displayed
above each figure. Further details are given in the text.

Incompressibility Condition

V-w =0 WithFNS:%’YKJV(b
and FL(qS):L.
1+ ¢?

Diffusion advection type equations are implemented on the basis of an
ADI (alternating direction implicit) scheme [133]. The Navier—Stokes type
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equations are solved employing a MAC (Marker and Cell) solver with dis-
cretization of space coordinates as proposed in [137]. All simulations are
done on a quadratic grid. Numerical parameters for the simulation runs are
=09, Vo =04, =Dy =1, Re=1500, At = 0.5, Az =0.3, N, = 1500
and N, = 1200, where N, and N, denote the grid size in — and y—direction
respectively. The initial condition is a parabolic interface of height 75 grid
units with the hydrodynamic velocity field identical to zero in the solid phase.
Nevertheless after a few time steps hydrodynamic flow is encountered within
the solid phase and clearly visible in the graphs. In the literature it is known
as parasite current. It arises due to the fact that in the phase-field simulation
the no-slip condition gets smeared over the diffuse interface region (Fig. [6.5).
These parasite currents have been investigated in more detail by Lafaurie
et al. [195]. Applying their results allows me to choose appropriate parame-
ter regimes, where the effect of these parasite currents remain bounded and
quantitative changes to the simulation results are negligible. The side branch-
ing activity in dendritic growth as visible in the simulation pictures is known
to result from thermal fluctuations [22, 44, 180, 201, 234]. These have to be
included in the simulations by transforming

Ti41,j T Tim1,j T Tij+1 + Tij—1 )
4

Ti’j — Ti’j + RO(Ti,j — (6123)
with noise amplitude Ry and random numbers r; ; evenly distributed in the
interval [—%; %] Taking into account the 741 ;11 as in ([GI23) ensures local
energy conservation. The noise amplitude Ry corresponds to the magnitude
of thermal noise encountered in dendritic growth experiments, which reads
(in dimensional units):

k‘BT]%Cp

L2432

This is equal to the mean square fluctuation of T inside a two-dimensional
volume of d3. For a comparison Fig.[6.6] Fig.[6.7 and Fig.[6.9]depict dendritic
evolution at different driving forces and noise levels, i.e. My = 4, My = 2.5
and My = 1, respectively. For My = 2.5 the evolution of the temperature field
is displayed, as well, through colored contour plots in Fig Simulations
were carried out keeping the position of the dendritic tip at approximatly
same height by repeated transformations of the z-coordinate (coordinate in
growth direction) of all field variables. In any case the growth rate of the
dendritic tip is smaller than in the case of corresponding simulations without
coupling to the Navier—Stokes equations resulting in an increased deviation
from the experimental values by Glicksman et al.. Thus at this point one
clearly has to draw the conclusion that even taking into account surface
tension corrections within the energy condition, density change flow cannot
explain the difference between experiment and theory.

Other physical mechanisms active in microgravity experiments must have
an even stronger influence of reversed sign. Studying the literature one will

(6.124)
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Fig. 6.7. Four different stages of growth demonstrating the effect of a reduced
driving force with My = 2.5 and otherwise same parameters as in Fig.

find a couple of articles discussing possible mechanisms, as e.g. finite-size
effects through container walls [83] or nutation of the dendrite under micro-
gravity [251]. Meanwhile, the experimentalists themselves called the experi-
mental conditions within the space shuttle a reduced gravity environment (see
e.g. [194]) thus hinting at the possibility of some “left-over buoyancy” convec-
tion influencing growth at low undercoolings. To my knowledge quantitative
studies of the possible effects of “left-over buoyancy” convection have not
been reported. Rather the recent focus of work by Glicksman et al. is con-
cerned with fluctuations of the dendritic tip velocity [84, 193, 194]. However,
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Fig. 6.8. The evolution of the temperature field corresponding to the four different
stages of growth depicted in Fig. [6.7]

an explanation of the systematic deviation between diffusion theory and the
experimental curve for A < 0.3 K receiving community wide acceptance has
not yet been given.

In this context a phenomenon, which to my knowledge has never been
studied in detail even though it has been assumed to influence dendritic
growth at low undercoolings quantitatively [32], is the influence of thermo-
capillary convection. It arises from a weak temperature dependence of surface
tension[248]. In dendritic growth the temperature along the interface is not
constant. Rather - taking into account a fourfold crystalline anisotropy - there
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Fig. 6.9. Four different stages of growth demonstrating the effect of a further
reduction of driving force at My = 1.0 (otherwise same parameters as in Fig. [6.6).

are two coldest points to the left and to the right of the tip position as indi-
cated in Fig. Thus there is a temperature gradient along the dendritic
interface from the tip towards these points. This drives a thermocapillary flow
as depicted in Fig. Comparing its direction to the one of flow driven by
density change (Fig. [6.0), one finds it to be reversed. Thus also its quantita-
tive effect on the dendritic growth velocity should be reversed, i.e. it should
enhance growth compared to diffusion limited dendritic growth. In that sense
it could be an explanation for the experimental data in [129].
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Fig. 6.10. The two coldest points of the parabolic interface are to the left and to
the right of the tip as indicated by the dark dots. If surface tension is temperature
dependent, the respective temperature gradient comes along with a surface tension
gradient, which is the origin of thermocapillary convection.

The problem is to fully grasp the quantitative effects of thermocapillary
flow on the evolution of a dendritic tip. From the point of view of sharp
interface modeling one would include it as a balance condition for pressure,
viscous flow stresses and surface tension:

(ps — ) -n+n(Vu+ (Vu)') n—Vy=0, (6.125)

where Vu + (Vu)? represents the viscous stress tensor for a liquid obeying
the incompressible Navier—Stokes equations. The surface tension term V-~
can be expanded in a Taylor series truncated after its first term, i.e.:

Oy
Vy = VT . 6.126
T or (6.126)
Here g—% is a material parameter, which is usually less than 0. Equa-

tion (BI125) yields a condition for the gradients of the flow velocity field
normal to the interface. It occurs as an additional boundary condition at the
interface, which has to be solved together with (E30) and (E3T]).

Trying to apply a perturbative analysis as sketched in section to model
equations (626)-(G.38) with additional boundary condition (6I125) one will
find that a solution, for which vorticity vanishes everywhere, is no longer
compatible with all boundary conditions. It is not obvious how to construct an
ansatz solving the Navier—Stokes equations with boundary conditions (G30),
@3T) and (6I125), which could serve as starting point for the subsequent
perturbative analysis.

A numerical investigation would be an alternative. However, in this case
it is not clear, whether the phase-field method with its smearing of boundary
conditions over the diffuse interface could handle the problem with necessary
precision. In particular the findings of Lafaurie et al. [195] with respect to
parameter regimes, in which effects of parasite currents remain bounded,
cannot be carried over directly.

Preliminary results without thorough investigation of stability and con-
vergence of the algorithm are depicted in Fig. just to demonstrate qual-
itatively the effect of thermocapillary convection at a dendritic interface in
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y direction of space y direction of space

Fig. 6.11. Simulation depicting the influence of thermocapillary convection at
a dendritic interface. Calculation were carried out at A = 0.03 assuming quasi-
incompressibility and setting n(Vu+ (Vu)”) - n = V+ within the interfacial region
(no noise included). Judged based on the velocity components depicted here the
dynamics of fluid flow seems to be restricted to a small layer around the dendritic
interface. However the pressure field displays a distribution which reaches far ahead
of the dendritic tip (see Fig. [6.1T]).

simulations. They are obtained by assuming quasi-incompressibility and set-
ting n(Vu + (Vu)?) - n = V within the interfacial region. For the material
parameter g—% = —0.028 % these preliminary numerical investigations indi-
cate an increase of v,, of as much as 14.7 % at A = 0.03, clearly demonstrating
the effect required to explain the experiment&@. A more thorough investiga-

tion is in preparation [111].

6.4 Summary

Within this chapter a phase-field model for hydrodynamically influenced den-

dritic growth was employed to derive the sharp interface equations governing
9 This value ‘g—% is an estimate, since to my knowledge experimental measurements

of the precise value of g—; for SCN are not yet available. However, it has been
measured for silicon as g—% = —0.28 - [144]. On the other hand, the surface
tension itself is usually an order of magnitude smaller for organic materials than
for silicon [24]. Thus to get an estimate for g—% applying to SCN I scaled the
value obtained for silicon with the ratio of surface tensions of the two materials.

The idea to proceed like this is due to Glicksman [131].
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Fig. 6.12. The pressure field around a dendrite growing influenced by thermo-
capillary convection. This figure corresponds to the final graph in the evolution of
Fig.

density change flow. Compared to the classical approach towards dendritic
growth the resulting model equations contain an additional curvature term
in the energy boundary condition. The effects of such a term had been inves-
tigated by Lemieux et al. for diffusion limited dendritic growth [205]. In that
case it results in an increase of selected velocities. In that sense including it
into an analysis of density change influenced dendritic growth was accom-
panied by the motivation to find an explanation for the experimental data
in [129]. The analysis itself was carried out as proposed originally by Kruskal
and Segur [191]. In the context of dendritic growth this method was employed
by various authors [236]. It starts from the derivation of a zero surface tension
solution. An analysis of this solution within the framework of regular pertur-
bation expansion reveals that isotropic surface tension destroys the steady
state solutions found without surface tension. An irregular perturbation ex-
pansion allows me to analyze the problem taking into account crystalline
anisotropy. The selected velocity thereby obtained is (6122]). Its difference
to the velocity selected in diffusion limited dendritic growth is contained in
the terms depending on €, the density change between liquid and solid nor-
malized with respect to p;. Effects of the additional curvature term obtained
via the asymptotic analysis of Sect. [6.1] are of higher order in the expansion.
Thus other than for pure diffusion limited dendritic growth, where exactly
this curvature term gives rise to increased values of selected velocities [205],
within the mathematical treatment underlying (6.90)—(6121) it cannot be
employed to explain larger growth velocities than for diffusion limited den-
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dritic growth. Thus the contradiction to the experimental data obtained in
the experiments of [129] cannot be solved at this point. To explain the latter
experiments other possible influences as indicated in Sect. 6.3 remain to be
investigated and understood quantitatively.

6.5 Appendix

Appendix A: Transformation to Parabolic Coordinates

Interface
s(&,mt) =n—ns(&,t) =0 (6.127)
Unit Normal and Tangent Vector

2 !
Vs = NoE: (—\/577865 + \/ﬁen> (6.128)
2 2
Vs| = ' 6.129
Vs 1
n= = —Enles + /e (6.130)
Vsl §(n§)2+n( n)
1 /
b= ——— (Vires + Ven.e,) (6.131)
)™ +n
Normal Velocity )
_ ot
von= oo (6.132)
Curvature
z5(§) = VE&ns(§) (6.133)
5o(6) = 5 (1,(6) ~ ©) (6.134)
A Enl)*(1 = n}) — 26(6 + ns)nsnl
((y;)Q + ($;)2>% (f + 778)%(778 + 5(77;)2)%

(6.135)
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Anisotropy
&ng + s

Vs +EVEML)? + s
VEn (nf — 1)
Vs +EV/EML)? + s

‘)
g &m0 = 1)(&n + ns)

cosf =n-ex =

sinf =t-ex =

cos(40) = —8sin?fcos?f +1 =

(€ +ns)2 (E(n))2 + 1)
86&ns (s — 1)(Ems + ns)
(&+n9)2 (E(1L)% +1s)°

A =1-6+

(6.136)

(6.137)

(6.138)

(6.139)



7. Application to Epitaxial Growth
Involving Elasticity

In Sect. 5.2.3 the phenomenon of epitaxial surface growth has been intro-
duced as an application of an asymptotic analysis in the thin interface limit.
It was demonstrated, how a set of phase-field model equations can be devel-
oped from two thermodynamic potentials, namely the inner energy functional
& and the entropy functional S. Thereby an additional degree of freedom is
obtained. This additional degree of freedom allows me to recover the precise
attachment kinetics of the two-sided epitaxial growth problem involving un-
equal attachment kinetics and discontinuities at the interface asymptotically
at first order (thin-interface limit). The sharp interface equations constituting
this two-sided epitaxial growth problem are given by (5.68)7(5.71) More-
over, the corresponding phase-field model equations are (5.80) and (5.81).
For further details the reader is referred to Sect. 5.2.3.

The scope of the succeeding two sections is to exploit the variational prici-
ples of irreversible thermodynamics to extend the above phase-field model
equations to elastic effects at strained surfaces [110]. In this manner the
phenomenon of epitaxial growth at strained surfaces becomes numerically
tractable. On the other hand, trying to extend the above sharp interface
equations to elastic driving forces results in boundary conditions, which in
their general formulation cannot be solved, as will be demonstrated in more
detail in Sect.[T.I] This possibility to obtain tractable models where the sharp
interface approach fails can be viewed as one of the advantages of phase-field
modeling justifying the development of this method. I will come back to this
point in Chap. 8.

! Note that in the case of epitaxial growth anisotropy due to the underlying crystal
structure of the material is contained in p®? = pg? - (1 — Bcosdh). Detailed studies
of the influence of crystalline anisotropy in epitaxial growth can be found in
[106, 109].

Heike Emmerich (Ed.): LNP m73, pp. 131-140, 2003.
(© Springer-Verlag Berlin Heidelberg 2003
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7.1 Elastic Driving Forces Within the Diffuse Interface
Approach: Extended Model Equations for Strained
Surfaces

If an epitaxial surface consists of strained layers, the correct free energy to
describe the system has to include the respective elastic strain energy. Thus
(5.79) changes into:

Vi + pVi — pea
16 p,ui5) =~ () + <ppe§)k<¢> — o

)+p+f(@)a - (7.1)

Here f. is a free energy density, which takes into account the global elastic
energy in both phases. A natural starting point to construct a suitable form
of fe for the phase-field approach is the relation between the stress tensor
0;; and the strain tensor u;; as given by Hooke’s law:

K
f = 1 UiUi5 + §u121 , (72)

where summation over double subscripts is implied. x and p are the Lamé
constants. For plane strain, these elastic constants are related to Young’s
modulus E and the Poisson ratio v via p = E/[2(1 +v)] and k = Ev/[(1 +
v)(1 — 2v)]. f the free energy per unit volume of a general system, of which
the only energy contribution is elasticity. The stress tensor o;; is then given
by:

of

3uij

i
Oij = 2/L’U,ij + nukk@j = 2u(uij — Ukk Fj) + Kukkéij s (73)
where K = k4 2pu/d is the bulk modulus and d referring to the dimension for
which the problem is solved (i.e. d = 2 or d = 3). If there is a misfit on the
surface of the substrate, additional misfit strain arises. Following [261] this

additional strain can be modeled through an additional contribution o77:

1+wv
m_ _guem | = 5 A
o s [1 21}5”}’ (7.4)

where €™ quantifies the misfit. It is then straightforward to formulate the
following ansatz for the ¢-dependence of f:

fe(@,{ui;}) = k(o) {/J/U,ijuij + guzQz — 2pe™ |:11;|—21;:| }

Kk 9

+[1— k(9)] G (7.5)

Here % is the bulk modulus of the non-solid phase, i.e. liquid or vapor depend-
ing on the employed epitaxial technique. As a result the governing equations
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of the phase-field model given in an adiabatic approximation, i.e. § Fy/du; = 0
(for implications of this approximation see the paragraph following (1)),
now read:

99 2, Ve+poVs , p—p,
— = - —d — k
T = €+ PV~ SESERA (g) - E R (9)
K—K 2 m| 1+v
RO + 5 ) e [T @)
dp ¢ P
— =DNV? — +F+=. 7.7
L = DOV G+ F L (17)
These have to be solved together with the equations for the evolution of
the elastic variables, where the strains w;; (i,7 = 1,...,d) are dependent

quantities. Therefore, the variational derivatives 6 F/du;; are dependent, as
well. To proceed one may exploit the fact that the components u; (i,j =
1,...,d) of the displacements are independent variables. Assuming that the
relevant time scales of the problem are large compared to sound propagation
times, the variational derivatives dFg;/du; of the elastic free energy can be
assumed to be zero, which is exactly the adiabaticity assumption. Hence one
obtains

)
B 5ui B 81‘]' (Sui]’ n 833j

{k(d)oij — [1 — k(®)|kurwdis} . (7.8)
The second term can be related to the pressure of the system via

P = DPoe — Rukk 5 (7.9)

where pgg has been chosen as equilibrium pressure in the liquid phase. This
term contributes only in the liquid phase. Assuming that during the exper-
iment on the liquid side deviations from this equilibrium pressure remain
small, ([Z.8) can be simplified as follows:

0
0=—1k i - 7.10
2 fuon) -
Equations (Z8)), (1) and (ZI0) become closed equations by replacing o;
and u;; by the field variables u; using the definition of the strain tensor,

1 aui 8’&]‘
PR 7 7.11
i 2<axj+axi> (7.11)
and Hooke’s law. Its applicability is demonstrated in the following section.
Again an ADI scheme is employed for the diffusion-advection type equations
([8) and ([Z70). The elastic problem, on the other hand, is solved via successive

overrelaxation, where the time integration is performed by a formally second-
order accurate midpoint scheme [220].
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Turning towards the sharp interface model given by (5.68)—(5.71) account-
ing for elastic effects requires a coupling to the following evolution equations
for the displacements of the solid phase:

(1 —2v)02u; + 0;0ur = 0 . (7.12)

To evaluate these equations, boundary conditions of the displacement field at
the moving, phase-separating interface have to be determined at every time
step of the calculation. The correct physical boundary condition is a balance
of the force acting on the film surface and the pressure in the liquid (vapor)
phase, i.e.:

aij-n; =", - (7.13)

Obviously in this case the construction of the correct boundary values for the
displacements u;; based on (L13) is less straightforward than the formulation
of the phase-field equations (Z6)-(Z11]). A more detailed discussion of this
point can be found for the special case of an assumed zero-pressure condition
above the substrate in [261].

7.2 Comparing Simulations and Experiments

For strained surfaces grown by epitaxy two qualitatively different morpholo-
gies are known to result from the epitaxial process, namely

1. rippling of continuous surface layers,
2. a morphology made up of an array of islands.

Based on the experimental observations reported in [6, 86, 87] ripples were
associated with layers of a low misfit surface. On the other hand, islands were
understood to be the dominating morphology in high misfit regimes [94, 97,
204, 218]. In contrast to this, Dorsch et al. [95] found a morphology transition
towards islands even for low misfit surfaces. Their experiments were done for
strained Ge,Si;_, grown from In solution at low driving forces. Dorsch et
al. claimed that their findings coincide with theoretical work by Gao [123],
indicating, that in all misfit regimes island morphologies are the ones to result
in maximum strain energy relaxation. Following that point of view one would
expect islands to dominate the morphological surface evolution independent
of the misfit, once growth follows essentially energetics. Accordingly epitaxial
growth at strained surfaces could be viewed as a two stage process:

1. During a first stage of growth a rippled morphology with well defined
initial wavelengths arises.

2. At a subsequent stage of growth evolution is dominated more and more
by the principle of maximum strain energy relaxation, which drives the
system into a transition towards an island morphology. This transition is
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independent of the surface miscut. It is an expression of the rippled mor-
phology itself, the geometry of which results in a redistribution of strain.
In turn this changes the surface potential such that it favors the strain
relaxation mechanism. During this stage of growth the island morphology
essentially inherits the wavelength of the initial ripple instability.

Thus a transition to islands should occur independent of the misfit at ad-
vanced stages of growth. A necessary presupposition is diffusion in the nour-
ishing phase (liquid or vapor, depending on the epitaxial technique) as mate-
rial transport mechanism. Previous to the experiments by Dorsch et al. a rip-
ple morphology was usually observed resulting from MBE (molecular beam
epitaxy) experiments. Compared to LPE (liquid phase epitaxy) the diffu-
sion coefficients encountered in MBE are four orders of magnitude smaller.
This leads to the conjecture that during MBE diffusion processes are simply
not fast enough to trigger the morphology transition towards islands before
the end of the experiment. In that sense the ripple morphologies observed
in MBE experiments would have to be considered transiental morphologies.
Moreover, pseudomorphic islands were the “true” stationary growth mode to
be expected from any kind of epitaxial setting at a strained surface.

From point of view of a nonlinear analysis carried out for strained epitaxial
surfaces by Spencer et al. [261] this is not necessarily the case. Their analysis
revealed two different steady state solutions within the near critical parameter
regime:

solution 1: a spatially periodic small amplitude cusp like solution
solution 2: a spatially periodic large amplitude solution of sinusoidal
shape.

Both solutions were found to be unstable, leaving open the question, whether
the evolution of the strained surface would be steady outside the realm of
long-wave theory or characterized by a transient state displaying coarsening.

To reconcile these findings with the experimental observations described
above, one would have to identify the island morphology as the “steady state
solution outside the realm of long-wave theory”, which develops eventually as
secondary instability from solution 1 as well as from solution 2. However, the
question remains: Which of the two qualitatively different types of primary
solutions 1 or 2 are the ripples observed initially in the experiments by Dorsch
et al.? Are they “spatially periodic finite amplitude rounded cusp solutions”
or rather “near critical spatially periodic small amplitude solutions”? If ei-
ther of them is true, might the morphology observed in MBE experiments
actually be the other kind of solution? And if so, might the secondary insta-
bility of MBE growth be the second kind of scenario depicted above, namely
a transient state displaying coarsening? If this were true, it could still be rea-
sonable not to observe the coarsening process due to slow diffusion as already
pointed out by Albrecht et al. [95]. Nevertheless the precise understanding
of the dynamics of strained surface epitaxial growth would be different - a
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difference which might become important to predict the correct morphology
for different parameter settings. Thinking in this direction one could for ex-
ample wonder, whether high driving forces and/or high temperatures might
result in a transition towards islands even for MBE growth.

Table 7.1. Amplitudes and cell widths for varying diffusivities D, €™ = 0.05

D 1 1072 1077 10°°
Amplitude 73 59 45 13
Cell width 6 5 4 1

To answer the questions above a full simulation of model equations (7.6)—
([Z-17]) is a valuable tool. Note that for the simulations reported in this chapter
the terms F' + £ (see (L1)) are discarded. This refers to the situation of no
desorption, which is true for MBE experiments as well as for LPE. Moreover,
to model LPE growth as employed in the experiments by Dorsch et al., one
has to keep in mind that the experimental conditions are chosen such that the
solutal field is approximately at equilibrium. The true driving force is rather
the temperature field 7', which takes the place of the variable p in (Z8) and
(T0). This exchange of p and T is possible, since under the assumption of
local thermodynamic equilibrium the phase diagram allows us to relate the
two to each other. Approximating solidus line and liquidus line of the diagram
as straight lines (see Fig. 2.4) the relevant relations read:

d S
c¥=— % (T —Tp,) (7.14)
dc* 1

where C® is the concentration of solute in the solid phase, C¥ its concen-
tration in the liquid phase, T;, the melting temperature and m; the slope of
the liquidus line, which is usually negative. In this way the model allows us
to investigate the evolution of strained MBE as well as LPE surface growth
taking into account all of the nonlinear modes and thus to identify “steady
state solutions outside the realm of long-wave theory”.

Table 7.2. Amplitudes and cell widths for varying misfits €™, D = 1

e 0.05 0.01 0.12 0.15
Amplitude 73 34 21 9
Cell width 6 3 2 1
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In particular it enables an investigation of the amplitude and the shape of the
evolving morphology (sinusoidal versus cusp like) depending on the diffusion
constant as well as the misfit angle. The results are summarized in the tables.
In Table [T.1] the misfit €™ is kept fixed, whereas D varies. In Table [[.2, on
the other hand, D is kept fixed and €™ varies. The cell widths reported
in the two tables are measured at one half of the amplitude height. The
remaining parameters of our investigations read Az = Ay = 0.005, At =
0.0018, €2 = 1, ¥ = 1, v = 0.7417, v = 0.0021, x = 1.4371, v = 0.3212,
k = 0.6666, K = 1 and p = 0.3341. Again all parameters are scaled with
respect to Az and At. Note that within the context of this work we identify
a morphology to be cusp like if its first derivative does not display a turning
point between two extremal] (Fig. [LT). Obviously, the higher the misfit e™
the lower the amplitude of the primary instability. This coincides with the
experimental findings of Dorsch et al. just as well as with theoretical work
by Srolovitz [262]. The diffusion constant D displays the same qualitative
behavior. Moreover, the unproportionally large drop in amplitude for D below
10~* indicates that the transition to a different type of solution occurs. Indeed
the small amplitude solutions found by simulation of (ZE)—(ZI0) for D =
1076 display a cusp like shape with considerably smaller widths of the cell
shaped instabilities. Thereby they differ from the solutions for D = 1 to
D = 10~*. Examples for both solutions are given in Fig. 1l

Taking into account that low diffusion constants belong to MBE growth,
whereas large diffusion constants indicate use of the LPE technique, one im-
portant result of this numerical investigation is that for equal misfits the
primary ripple like instabilities of MBE and LPE differ: first, amplitudes
of LPE instabilities are larger; second, their tips are rounder. On the other
hand, tips of MBE instabilities display a cusp like shape. The question which
remains is whether these different solutions display differences with respect
to the long time evolution as well. Figure[TI] presents a view on the temporal
evolution of the respective solutions. Four subsequent stages of growth are
given with intervals of 10* time steps in between. In Fig. [[.Ib a transition
of ripples to islands indicated by negative growth values in the valleys of the
morphology becomes visible. In contrast valleys of the cusp like instabilities
keep positive growth rate. After t = 6 - 10* time steps their shape is approx-
imately stationary. Signs of coarsening cannot be detected. These numerical
findings are indeed characteristic for the long time behavior of cusp like solu-
tions versus large amplitude solutions, i.e. they were obtained for other sets

2 A fully cusped tip could not be resolved via phase-field simulations, for which the
interface width [ puts an inherent length scale cut off. [ has to be resolved by 8-10
grid points to avoid numerical metastability [38]. The results reported here were
obtained for four different values of [ with different mesh sizes to fulfill the above
criterion. They are independent of this change of numerical parameters. Thus in
the investigated parameter regimes no fully cusped solutions can be expected.
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Fig. 7.1. Contour plots of surface morphologies at ¢t = 3 - 10* (turquois line),
t = 4-10* (red line), t = 5-10* (green line) and t = 6-10* (blue line) for € = 0.15: (a)
evolution of the cusp like morphology, D = 107°, (b) large amplitude morphology,
D = 1. The pink lines depict the local slopes of the contours at ¢t = 6 - 10* (blue
line). The derivatives are generated from the data points of the contour plots. Note
that they are aligned with respect to a second zero point on the vertical axis.

of diffusion constants and misfits, as well. To elucidate these findings further,
Fig. 7.2 displays the evolution of the principal component of the strain ten-
sor in growth direction. The different strain fields arise as an answer to the
different evolutions of the two respective surfaces and in turn influence their
further growth as well. Le., surface regions subject to low strain have high
growth rates, whereas the regions exposed to large strain exhibit slow growth
or even recede. In this sense in Fig. [[Tb enhanced amplitude growth of the
morphology can be attributed to the large difference of strain values around
its crest versus the one around its valleys. For the cusp like solutions, on the
other hand, strain is distributed more evenly over the surface.

Together these numerical studies indicate that even though MBE and LPE
experiments at strained surfaces can both result in similar rippled surface
morphologies, these ripples are not exactly the same type of solution of the
growth problem. While the ripples found for low diffusion constants, i.e. MBE
growth conditions, are cusp like instabilities, the ripples found in LPE are
large amplitude solutions with rounded tips. In the long time evolution the
latter will undergo a transition towards islands. Cusp like solutions do not
display such a transition even after simulation of time intervals much longer
than any experiment. However, there is no sign of coarsening either. The latter
finding can be compared to recent numerical studies of a strained surface
in contact with its melt, but not subject of epitaxy [172]. Results of these
studies indicate that a primary instability of periodic grooves will undergo
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Fig. 7.2. Evolution of the principal component of the strain tensor in growth
direction: (a) cusp like morphology, (b) large amplitude morphology. The time
steps, for which the fields are displayed, coincide with the ones for the contour
plots of liig. [C1l i.e. from top to bottom: t = 4.5-10%, t = 5-10%, t = 5.5-10* and
t=26-10"
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coarsening only in the absence of gravity. Once gravity is taken into account,
several stationary grooves coexist within the final surface morphology. Within
([.6) the last term on the right-hand side modeling the surface miscut could
be interpreted as having the same influence as gravity. In that sense it would
stabilize the cusp like rippled morphology in a way, such that coarsening does
not occur.

7.3 Discussion

Here epitaxial growth at strained surfaces was chosen as a second example to
demonstrate the convenient applicability of the phase-field approach when it
comes to the point of including additional driving forces into an interfacial
growth problem. Since such additional driving forces can very easily be related
to an additional term in the system’s free energy density functional, they
directly enter the variational principles on which the derivation of phase-field
model equations is based upon.

In this manner one can exploit the framework of irreversible thermody-
namics to extend the model equations of diffusion limited epitaxial growth
as derived in Sect. 5.2 to stress induced surface effects. The respective model
equations have been developed in detail in Sect. [1]

In Sect. [[:2] they have been applied to experiments by Dorsch et al. [95].
In this context their simulation sheds new light on the morphology transi-
tion from ripples to islands. In particular the numerical investigations reveal
that the ripple instability occurring in MBE has to be distinguished from the
one in LPE growth. It seems to fall into the class of cusp like instabilities.
The non-appearance of a morphology transition towards islands in principle
hints at the possibility that the true secondary instability belonging to this
kind of cusp like solution is a transiental coarsening regime. The reason that
the coarsening is depressed, can be explained by comparison to the numeri-
cal studies in [172], where the authors report the absence of coarsening in a
similar situation, if gravity effects are taken into account. It seems plausible
that within the model equations derived here, the misfit term has the same
stabilizing effect as gravity in [172]. These findings reconcile with the inter-
pretation given by Dorsch et al. [95] in the sense that the formal reason for
the morphological differences of MBE compared to LPE instabilities is given
by the large ratio of the respective diffusion constants. As a consequence a
morphology of cusp like ripples should be the one to be expected in MBE
experiments even at high driving forces and high temperatures after extended
deposition time — a point, which certainly could be clarified by experiments.
If it were true, MBE would generally fail as a technique to tailor regular
island arrays with specified island distance as functional devices.
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Concluding the text at this point can only result in a partial conclusion:
Research in the field of diffuse interface modeling is still young and fully
active. It is likely, that while I am writing, further progress of considerable
impact is achieved. As discussed progress could basically be twofold, either
concerning modeling related issues or numerical ones.

With respect to the latter the numerical appendix of this book summa-
rizes the most recent computational approach, which achieved outstanding
computational efficiency for the case of 3D dendritic growth involving fluid
flow [155] on the basis of a semi implicit approximated projection method,
implemented fully adaptive and parallelized. It is an example of a growth phe-
nomenon, which certainly cannot be treated numerically without employing
enhanced techniques. However, for this kind of moving boundary problems an
implementation making use of enhanced numerical techniques is possible only
based on diffuse interface modeling. The reason is — as pointed out in Chap. 2
— that only the diffuse interface approach allows for an Euler schemdl. Thus
one conclusion to draw at this point is, that a diffuse interface approach for
moving boundary problems becomes necessary, if one intends to apply the full
power of high performance computing, which today is essentially connected
to parallelization, to their simulation.

With respect to modeling-related progress, the concept of thermodynamic
consistency was described in detail in Chaps. 3-5 as a most important un-
derlying viewpoint. It was explained, how a thermodynamically consistent
diffuse interface model can be obtained by the variation of underlying ther-
modynamic potentials. Thermodynamic consistency itself can be interpreted
as a validation of the model. Consequently one can go on to examine the
derived model equations with the intention to understand more about the
behavior of physical fields in the region of the moving, phase separating in-
terface. The mathematical method allowing for the respective analysis, is the

! As discussed in Chap. 2 a level set approach would basically yield an alternative
for the implementation of a moving boundary employing an Euler scheme, as
well. However, from point of view of numerics such a level set approach imposes
difficulties a diffuse interface approach does not (see Chap. 2). Moreover the
level set approach is lacking the thermodynamic background of diffuse interface
models and thus qualifies only as a numerical tool for classically known moving
boundary problems.

Heike Emmerich (Ed.): LNP m73, pp. 141-144, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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method of matched asymptotic expansion described in Chap. 5. Applications
of this concept of diffuse interface modeling given in the text are twofold:
The first is devoted to hydrodynamically driven dendritic growth (Chap. 6).
This example was chosen to demonstrate, how the asymptotic analysis of a
diffuse interface model can be employed to revise a traditional sharp inter-
face formulation of a moving boundary problem. Subsequent analysis of the
specified model equations via a perturbation expansion around a zero surface
tension steady state solution yields new insight in the dynamics of dendrites
growing at low undercoolings. In particular it sheds new light on the well
known and still not fully explained experiments [129], in which Glicksman et
al. carefully determined the difference between dendritic tip velocities in mi-
crogravity experiments and diffusion limited growth theory. In this context
it is the achievement of the diffuse interface approach to allow for a rigorous
derivation of a specified set of model equations revising the relation between
experiment and theory.

A second example was presented in Chap. 7 to illustrate the usefulness of
diffuse interface modeling with respect to a different class of moving bound-
ary problems: As demonstrated for the case of elastically influenced epitaxial
surface growth, sharp interface formulations of moving boundary problems
involving more complex transport than just diffusive one might yield bound-
ary conditions, which numerically are no longer tractable. Here the diffuse
interface approach offers the great advantage of overcoming the need to solve
boundary conditions at the phase separating interface. Thus for this type
of problems one can conclude, that to find a numerical solution at all, it is
unavoidable to turn towards diffuse interface modeling.

These examples combined with the theoretical background given in the
first five chapters are intended to provide the reader with an idea of what
diffuse interface modeling is all about, for what classes of problems it is useful
and what kind of knowledge it allows us to derive based on a combination
of thermodynamic modeling, mathematical analysis and simulation. If inter-
ested in the field for the purpose of an own application, a first step would
be to formulate the underlying free energy or entropy functional as basis
for the variational approach, by which the relevant model equations are to
be obtained (Chap. 4). Today’s applications range from dendritic growth to
electrodeposition, from image processing to superconducting materials, from
alloy solidification to polymer systems. Certainly depending on the focus of
one’s interest the complications when applying diffuse interface modeling to
any of these phenomena are more but just one step beyond diffusion limited
dendritic growth, from which I started my discussion taking it as paradig-
matic problem in Chap. 2. Therefore it seems appropriate to reflect for a
moment on what really has been achieved in the field of diffuse interface
modeling and what problems one would judge to be in reach based on the
knowledge already gained.
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In the following I will restrict the discussion of what has been achieved to
the phenomenon of crystallization from the melt, which is directly linked to
the paradigmatic dendritic growth problem. Thus it provides a representative
overview of what one has to meet when turning from pure diffusion limited
growth to further complications originating from additional transport ﬁeld,
or from anisotropic kinetics and energetics in the interfacial region.

In the context of crystallization diffuse interface modeling refers back to
Cahn [56]. His approach was taken up again several years later by Halperin
et al. [143], Langer [200], Fix [120] and Collins and Levine [74], which
then started a rapid development of diffuse interface modeling for crystal
growth phenomena. Caginalp [49, 50] and others demonstrated the relation
of these approaches to classical sharp interface models by means of asymp-
totics and distinguished limits. For sufficiently thin diffuse interfaces the
Gibbs—Thomson boundary condition was proven to be incorporated in the
diffuse interface approaches [52]. First derivations from an entropy functional
were due to Penrose and Fife [231]. This came along with an awareness of
the question of thermodynamic consistency of such models. In this context
Wang et al. [289] introduced the concept of local positive entropy produc-
tion and non-classical fluxes. At the same time Kobayashi [186, 187] demon-
strated the relevance of diffuse interface modeling for real computations by
simulating rather complicated solidification patterns. Since then many oth-
ers [182, 239, 240, 290, 297] have used the diffuse interface approach suc-
cessfully to study solidification morphologies. Great advance in the field was
achieved through the introduction of the thin interface limit by Karma and
Rappel [168]. It lessened the constraints with respect to the thickness of
the interfacial region and thus rendered models computationally more ef-
ficient. The authors themselves used the increased capability of diffuse in-
terface modeling gained from the thin interface limit amongst other things
to study side branching effects in dendritic growth [168, 169]. Moreover the
diffuse interface approach could be extended to study alloy solidification,
i.e. a growth problem with coupled transport fields. Respective models were
formulated by Wheeler et al. [295, 296], Bi et al. [252] and Charach and
Fife [67, 68]. These could be employed to study the phenomenon of solute
trapping [69, 76, 77, 296], dependence of surface tension on composition [69],
isothermal dendritic growth and microsegregation [75, 291], Ostwald ripen-
ing and coalescence [292], recoalescence during dendritic solidification [35],
cell to front phase transitions during directional solidification [36] and eu-
tectic alloy solidification [96, 100, 101, 138, 166, 298]. A further issue was
to blend hydrodynamics with diffuse interface modeling. Such models have
been developed [26, 51, 272] and used to some extent in computation [85, 108].
Moreover it was shown, that with an additional potential modeling van der
Waals and polarization forces, the models can be employed to simulate wet-
ting phenomena, as well [221]. Only recently thermodynamically consistent

2 which might not be continuous at the interface
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diffuse interface models including hydrodynamics could be formulated for
pure materials as well as for binary alloys by Anderson et al. [12, 13]. The
same authors also developed a model including convection and anisotropy for
a pure material [15, 17]. This model was subsequently extended by Sekerka
and Bi [250] to multicomponent alloy solidification. In the area of solid-solid
transformation Braun et al. [39, 40] have used a diffuse interface field model
with multiple order parameters to explore order—disorder phase boundaries
and transformation in alloys. Moreover, Kobayashi et al. [188] have devel-
oped a phase-field model involving two order parameters, expressed in terms
of polar coordinates, that facilitate modeling of polycrystalline materials with
grain boundaries. Finally Karma [171] was able to solve the problem of two-
sided dendritic growth. Thus a wide range of algorithmic means to tackle
complexities arising from coupled transport fields as well as kinetic and en-
ergetic anisotropies in the interfacial region are available from this research
in the field of crystallization by now.

Turning from the discussion of “What has been achieved?” towards the
question of “What can be achieved?” it seems natural to point out, that there
are still questions to investigate for the phenomena of electrodeposition, of
image processing, of polymer systems and so on, where one would simply have
to carry over steps taken in the field of crystallization from the melt. How-
ever, there is a further complexity tied to some of these phenomena, namely
an inherent multi-scale nature of the problem due to an internal structure
of the material. Examples for such materials with inner structure are liquid
crystals and polymers. For these kind of systems the diffuse interface ap-
proach opens an additional interesting perspective, since it can be used as
basis of a rigorous mathematical multi-scale approach. Thus the sentence of
the introductory chapter “One might wonder if in the end this approach can
provide a framework to tackle the behavior of still more complicated systems,
e.g. systems with an inherent multi-scale nature due to an internal structure,
such as liquid crystals or polymer solutions, as well.” is actually an antici-
pated perspective at this point. There is a clear methodological framework to
tackle the multi-scale problem, namely homogenization. Examples of how ho-
mogenization can be applied to diffuse interface modeling are [209] and [98].
Further steps to treat phase transitions in materials with inner microstruc-
ture in a thermodynamically consistent manner are provided by Kalospiros et
al. [159, 160] in the field of polymer growth. Now entering the Greek culture
allows me to close these remarks unscientifically by turning towards Plato:
“And with respect to the other points I would not dare to adhere to my view
with great insistence, but ... I ... believe that we must try to find what is not
known, for we should be ... less idle than if we believed that what we do not
know it is impossible to find out and that we need not even try.”

Plato — words from the mouth of Socrates, Menon 86C [243]



A. Numerical Issues
of Diffuse Interface Modeling

This appendix is concerned with the questions: What happens after a diffuse
interface model has been established? How straightforward is its implemen-
tation? Is there anything one has to take special care of with respect to that
implementation? The answer to the latter is a clear yes. Answering it in
more detail will leave the question of the previous sections whether or not a
diffuse interface model under consideration is thermodynamically consistent
behind. Rather one is concerned with a choice of model parameters which
will yield the best numerical performance. For dendritic growth it could be
proven that from point of view of run time performance models which do not
display thermodynamic consistency and can only be validated by the method
of matched asymptotics expansion can be superior to thermodynamic consis-
tent ones [182]. In that sense referring to the implementation point of view
one finds once mord] the expression universality of diffuse interface models
in the previous citation.

Since the early attempts of phase-field computation in the context of
solidification by Smith [259] great advances in the accuracy of those com-
putations have been encountered. The reasons are twofold: First, computer
technology has advanced significantly and thus allows us to integrate the un-
steady phase-field equations for increasingly complex configurations. Second,
there has also been progress in the numerical techniques applied to the im-
plementation of phase-field models. This involves choosing an optimal set of
numerical parameters and model potentials just as well as considering en-
hanced numerical techniques as parallel, adaptive or multi-grid algorithms.

The first of the above two issues arises since

1. different potentials can be employed, resulting in different phase-field
models, which nevertheless describe the same growth phenomenon in
their sharp interface limit and

2. to establish the correspondence between the diffuse interface model and
the sharp interface model there is some freedom in how to arrange the
numerical parameters of the diffuse interface, i.e. a physical variable ap-

L “once more” refers to the discussion at the end of Chap. 5, where the notion

of universality in the context of phase-field modeling has been used to denote a
freedom in the precise choice of F.
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pearing in the sharp interface model is usually expressed by more than
one numerical parameter of the diffuse interface model.

I will demonstrate the above in detail in Sect. [A-T] and Sect.[A2lfor the case
of dendritic growth, for which it has received much attention by the scientific
community over the last decade, e.g. [113, 182, 232]. Whereas Sect. [A1] is
devoted to the relationship between physical variables and numerical param-
eters, thereby pointing out the freedom in the precise choice of model param-
eters, Sect. [A.2 compares the computational efficiency of different phase-field
models depending on the choice of the underlying themodynamic potential.

In Sect. [A3 I will proceed to discuss some state of the art numerical
approaches to interfacial growth phenomena and thereby give a look at how
advanced numerical techniques can be employed to speed up diffuse interface
computation — a step which is certainly required to deal with more complex,
challenging growth conditions.

A.1 Relationship Between Physical Variables
and Numerical Parameters

With respect to phase-field computations in dendritic solidification Kobaya-
shi [187] was the first to become famous for quite beautiful animations of
3D phase-field simulations of evolving dendrites. However, this work was still
very qualitative. To use phase-field simulation for quantitative predictions of
dendritic growth morphologies one has to take a closer look at the relationship
between the physical variables of the sharp interface limit and the numerical
parameters of the phase-field model equations.

For diffusion limited dendritic growth the Gibbs—Thomson relation, the
Stefan condition and the diffusion equation for the transport of heat in the
two bulk phases constitute the free boundary problem, which describes the
evolution of the dendritic front. The respective model equations (2.5)—(2.7)
are rewritten here by transforming to a dimensionless temperature T' via

(T - T5)

T =
L

(A1)
This transformation employs the specific heat of the solid given by c,. More-
over, T/ refers to the dimensional temperature of the undercooled melt far
from the interface. In addition one can introduce a dimensionless supercooling

L
of the liquid phase which is normalized, so that for A = 1 the solidification of
one volume element of the liquid phase results in precisely the heat required to
heat up the same volume element from 77 to T';,. With these transformations
the set of dimensionless equations corresponding to (2.5)—(2.7) reads:
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oT 5

e DvV*T (A.3)
T=A-dy(0)r (A.4)
v.-n=D[VT),—(VT)] n. (A.5)

For large driving forces the consideration of local thermodynamic equilib-
rium is not valid any longer. This is taken into account by introducing a
kinetic term Py, - Vi into the Gibbs—Thomson relation and thus replacing
the dimensionless equation (A4 by:

T=A- do(e)ﬁ — ﬁkinv -n. (A6)

Here fkin denotes a kinetic coefficient, which is a material parameter (com-
pare to (2.10)). do(#) is the capillary length given by (2.12).

For quantitative application of a derived phase-field model to a concrete
dendritic growth problem, the capillary length dy and the kinetic coefficient
Bkin of [(A) have to be related to the numerical parameters of the phase-
field model. To demonstrate how this can be achieved, I introduce a con-
crete phase-field model for dendritic growth of a binary alloy by specifying
G(9,X,r) in the remainder of this section. Following [2] I choose

2 4 2
G(@.0,0) =S vy + v - ) (A7)
02 Q2
+Mo{2—CQ+Q+1+FL(@)(1—C—Q)} ;
with ) &

Here C denotes the solutal field. To overcome the problems related to phase-
field modeling based on the dimensionless temperature T' (see Sect. 4.2) the
dimensionless energy density @ is used instead. It is related to T by

Q= {T : solid phase (A.9)

T+1 : liquid phase .

With this choice of G and after retransformation from @ to T the set of
phase-field model equations I discuss here reads

ob L, e 1— &2 b
ror = €V V(@ B 4 My (T4 g ) (A0
o~V (Dev(e - ru@)), (A11)
or _0I'(2)

o = V(DrvT) - =L (A.12)

In (AT0)-(AT2), it is the set of parameters &, Vy, 7 and My for which
relations to the capillary length dy and the kinetic coefficient Oy, have to be
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found. To do so it is convenient to assume that dg and Bk, are constants,
which are independent of the temperature field at the interface [61]. More-
over the Tolman—Buff effect [226], which describes a correction of the surface
tension originating from curvature, is neglected. Then it is justified to derive
the respective dependencies for a planar front as follows:

Since the capillary length dy is proportional to the surface tension v, dj
is obtained by comparing the Gibbs free energy Gsras of an infinite, one-
dimensional system with sharp interface to the Gibbs free energy Gppps of
the corresponding phase-field model with finite interface width. Assuming
the interface at z = 0, it is the limit & — 0, i.e. ®(z) = £1 for z Z 0, in
which gSUw follows from gpFM:

Gprvm = /_‘: % (6)g2§;g))2 + Vo (dj(i)él - 45(2%)2> (A.13)
Mo (0(5)2 _ O + %”3)2 +O() +1+ [L(®)(1 - C — Q)) du
Gsrm ZMO/_Z (2-1-6225—05-1-@5-*-1)611‘- (A.14)

Cr,s and Qs are thermodynamic equilibrium values of C' and @ in liquid
and solid phase, respectively. Since the surface energy ~ is defined as the
difference of Gprps and Ggras, one obtains an expression for v by inserting
the stationary solution of the phase-field model, which is given by

1)2 + My(y? — 1)2
C(x) = Co + I'.(¥(z)) and (A.16)
Q(z) = Qo + I',(P(x)) . (A.17)

1442
r = \ﬁf/ N dy , (A.15)

Thus
- /Zf (aqgf))? +Vo <@(4‘”)4 —~ @(;”)2> + M, (; FL(fP(w))2> dz
~ e [ Vi -0+ 2 -1

1+y?
Equation (A-18)) relates the surface energy to the phase-field parameters £, Vj
and M. From this the £, V) and My—dependence of dy can be obtained as

\/ (' =12+ (> —1)?
dy / 157 dy . (A.19)

dy . (A.18)
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A more detailed derivation based on a generalized Gibbs—Thomson relation,
which starts from the specification of liquid and solid chemical potentials
with respect to an idealized phase diagram, is given in [2].

To derive an analogous expression for Byin, I will turn to the quasistation-
ary solutions of the phase-field model equations. For a velocity v < 1 they
solve the differential equations

0D 0%
o =S a2
@2 P
or . 9T L(¢(w))
—’U% = DT@ 2 +v T (A.21>
oc  _ 9°C oI'(¢(x))
—’Uaix = DC 81'2 + v agj s (A22)

with stationary solutions (v = 0) (AIH) and

To(x) = —Co(x) = const . (A.23)
If one considers the physically relevant sharp interface limit, for which the
diffusion lengths Ip = 2’% and Ic = 2'% are large compared to the diffuse

interface width, in (A.21)) and (A.22)) the terms with factor v can be neglected
and C as well as T can be assumed to be constant in the framework of
an adiabatic approximation: T(x) = Tp; C(xz) = Cp. From the phase-field
equation ([A.20)) one obtains the following expression after integration of @ in
the interval [—1;1]:

(y* = 1) + (y2 — 1)
To+Co = V2 / \/ T dy . (A.24)

Since Tyt + Crnt = To + Cp = —Pkinv, this can be rewritten to yield

Prin = / \/ 155 M dy . (A.25)

Moreover because of (A.I9) one obtains a relation between the capillary
length and the kinetic coefficient, which reads

ﬁkm = d;i . (A26)

Thus in contrast to the sharp interface model the phase-field model dis-
plays model inherent kinetic effects [192]. Therefore, carrying out quantitative
phase-field simulations for materials with vanishing kinetic effects requires to
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work in parameter regimes, for which the effect of the kinetic term Byinvy,
is small compared to the curvature term dox. However, for those parameter
regimes phase-field modeling is usually inefficient due to the large diffusion
lengths originating from the low driving forces.

The application of phase-field models to dendritic growth of vanishing ki-
netic effects at moderate to large velocities became possible only after the in-
troduction of the isothermal approach proposed by Karma and Rappel [167],
as mentioned already in Chap. 1 and Chap. 5. The basic idea underlying
that approach is to take explicitly into account the dependence of the tem-
perature and solutal fields on the space variables within the interfacial region
|z| S &. Essentially this implies carrying out the asymptotic analysis de-
scribed in Sect. 5.1 up to the first order. This yields a solvability condition,
by which the expression for the kinetic coefficient fy;, can be obtained. For
the solidification of a binary alloy it reads:

Biin = frﬂz ( i (DT + ch> ( I +212>) . (A.27)

n (A27) the abbreviations I1, Iy and I3 denote integrals, the specific form
if which depends on the precise version of the phase-field model equations.

For (A10)-([AT2) they are of the form

"o /\/ + (y? — 1)
12=/0 i /\/Voyj—ly = ()

I = / Voot~ V2 (y2_1)2)dy. (A.30)

1+ y2

dy (A.28)

The prefactor %2 in (A27) corresponds precisely to ([A:25), i.e. the sharp
interface limit of the kinetic coefficient derived neglecting the spatial changes
of the temperature and solutal field within the interfacial region. Thus in
(A27) the expression in parentheses denotes a correction term originating
from the consideration of non-constant behavior of the two diffusive fields in
the region |x| < ¢. For

VM (1 EID & 1
T (DT + Dc> d (DT + Dc) —0 (A.31)

the limit of the correction term is unity, which is the condition for the ap-
plicability of the sharp interface limit as given by [168]. Thus in this limit
([A27) is equal to (A2H).

The great importance of (A27) results from the fact that it allows us to
minimize the correction term by enlarging & or reducing Vy /M. Finally for
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52(DT + Dc) _ I3 or d(Q)Mo(DT + Dc) _ Ig (A 32)
T.DTDC %Il +2.[2 2’7’DTDC %Il +2.[2 '

it vanishes. Equation (A32) provides a condition, which allows us to carry
out quantitative phase-field computations for the solidification of binary al-
loys with vanishing kinetic coefficient. Together with (A9) and (A25) it
constitutes the set of expressions relating numerical phase-field parameters
to physical parameters.

As mentioned above (A28)-([A30) and as a result (A32]), as well, depend
on the specific choice of phase-field model equations. Therefore within the
context of the phase-field model given by ([AT0)—([AT2) a necessary condition

. ta 2TDTDC
for Oxin — 01is € > Dribe

case. Some of them allow for a vanishing kinetic coefficient simply by variation
of My [167].

. For other models this is not necessarily the

A.2 Computational Universality of Phase Field Models

Here I will turn from discussing a freedom in the precise choice of phase-field
parameters towards a freedom with respect to the precise choice of the poten-
tial underlying the model equations by referring to the notion of universality
of phase-field models. The first time the term universality of phase-field mod-
els appeared within this text, it was used exactly to denote such a freedom
with respect to the choice of the free energy F underlying the derivation of a
diffuse interface model. In this sense it refers to the fact that a large class of
free energies give rise to the same sharp interface equations. Speaking of com-
putational universality exploits this fact and goes a step further: If there is a
freedom in the choice of the precise potential and if there is also some freedom
in the choice of numerical parameters of a phase-field model as described in
the previous section, then how does this manifest itself in the computational
efficiency of a phase-field model? Are CPU times and convergence rates in the
end factors to distinguish between different models and classify them? The
discussion in this section following [182] will reveal that the latter is not the
case. In this sense it will establish the notion of computational universality.
In the remainder of this section time-dependent solutions of different
phase-field models for dendritic solidification in two dimensions are compared.
To this end extensive computations using a specially developed adaptive mesh
refinement algorithm [239, 240] are reported. These indicate that when prop-
erly used, all phase-field models give precise results, i.e. not only does each
phase-field model converge to the steady state predicted by theory, but also
the transient dynamics approach the steady state uniquely. Indeed, once one
has established that there is genuine universal dynamic behavior, the only
remaining question is that of computational efficiency. The results discussed
here clearly indicate that the CPU times required for the different models are
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identical. In particular, there is no advantage for thermodynamically consis-
tent models. Moreover finite discrepancies of the interfacial Peclet number
Peyy; encountered between different models are shown to be eliminable by
adjusting the phase-field parameters.

The phase-field equations considered here are of the form

or .. 10n(¢)
o =DV (A.33)
99 2 F(¢,A\T) 0 2 OW (n)
)Gy = V- (2 e) - S 2 (1wepwn T )
0 5 OW (n)

as in [168, 169]. Here the order parameter is denoted by ¢, with ¢ = +1 in
the solid and ¢ = —1 in the liquid phase. The interface is defined by ¢ = 0.
Moreover ¢, = 0¢/0x and ¢, = O¢p/Jy represent partial derivatives with
respect to x and y.

The function F(¢, \T') = f(¢)+ATg(o) is a phenomenological free energy
where f(¢) has the form of a double—well potential, A controls the coupling
between T and ¢, and the relative height of the free energy minima is deter-
mined by T and ¢(¢). The function h(¢$) accounts for the release of latent
heat. Anisotropy has been introduced in (A34) by defining W(n) = £a(n)
and 7(n) = 7,a%(n). 7, is a time characterizing atomic movement in the
solid-liquid interface region, £ is a length characterizing the width of the
interface, and

4B (¢a)* + (0y)*
1-36  [Vol*

a(n)=(1-38) |1+ (A.35)
with a(n) € [0,1]. a is identical with the function a in (2.8), except that here
it is given depending on n rather than on 6, where n is the normal vector
at the contours of ¢. For phase-field computations this is convenient, since n
can easily be determined via

n = (¢X + ¢y ¥)/ (62 + ¢2)"/2. (A.36)

The constant 3 parameterizes the deviation of W (n) from £ and is a measure
of the anisotropy strength as in (2.8).

The asymptotic relationships of Karma and Rappel [168, 169] are used to
map the phase-field model onto the sharp interface free-boundary problem,

where ([A33) and (A34) reduce to (A3)-(AF). In terms of a(n), y(n) =

Yoa(n) and d(n) = d, [a(n) + 628“9(2“)}, where 6 is the angle between n and

the z-axis, these expressions become (2.8) and d(n) = d,(1—155 cos40) in the
free-boundary problem (note that tan(d) = ¢,/¢,). The parameters of the
phase-field model are related to the free-boundary parameters by A = a4 /d,




A.2 Computational Universality of Phase Field Models 153

and 7, = £3aja2/(d,D)+£%5,/d,. The positive constants a; and as depend on
the exact form of the phase-field equations. In choosing to simulate particular
material characteristics, the experimentally measurable quantities d,, 3, and
D are fixed, leaving £ as a free parameter, which determines A and 7,.

Within the simulations reported here fourfold symmetric dendrites are
computed in a quarter-infinite space using a finite-element adaptive grid
method as in [239, 240]. Solidification is initiated by a small quarter disk
of radius R, centered at the origin. The order parameter is initially set to
its equilibrium value ¢,(x) = — tanh((|x| — R,)/+/2) along the interface. The
initial temperature is T = 0 in the solid. Without loss of generality it is
assumed to decay exponentially from T = 0 at the interface to T' = —A
as x — 0o, where the far-field undercooling is given by ([A2). This implies
vanishing A in (AZ6).

Table A.1. Overview over the phase-field models under investigation

Model e () ar as
2 T 5
: T i 7
( -9 ) ¢ ol 75

3 (1—¢?)3 o 1.0312 0.52082

4 (1—¢?)* é 1.1601 0.45448

5 (1—¢?)? Lp-2¢°+19°) o 0.39809

The different phase-field models studied are summarized in Table [A1l To
satisfy the asymptotics, f(¢) is chosen to be an even function, and g(¢) and
h(¢) are odd. All of the models employ f(¢) = ¢*/4—¢? /2. For computational
purposes, g(¢) is chosen such that the two minima of F(¢, AT) are fixed at
¢ = £1. Model 1 is a form used by Almgren [11], model 2 by Karma and
Rappel [168, 169], and model 5 is the thermodynamically consistent form
used by Wang et al. [289]. Models 3 and 4 are forms created in particular
for this numerical study. Note that model 1 requires A to be less than 1/A.
Otherwise the ¢ = —1 state becomes linearly unstable.

Table A.2. Overview of simulation parameters

A L R, At D do v Pern
0.45 1000 17 0.010 3 0.5 0.00545 0.011
0.55 800 15 0.016 2 0.5 0.0170 0.034
0.65 800 15 0.016 1 0.5 0.0469 0.094
0.65 800 15 0.004 2 1.5 0.0469 0.031
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In the simulations, the computational domain is an L x L square box. Com-
putations are performed at A = 0.65,0.55 and 0.45. A summary of the pa-
rameters used for each simulation run is given in Table[A.2], where © = vd,/D
is the dimensionless tip velocity predicted by linear solvability theory, Az is
the minimum grid spacing of the mesh [239, 240], and At is the simulation
time step. The phase-field parameters are chosen for each model so that they
all simulated the same free-boundary problem. For all simulations 5 = 0.05,
£ =1and Az = 0.39. As long as A = 0.45 or A = 0.55 these simulation
results reveal that all of the phase-field models studied produce identical re-
sults for the entire temporal evolution of the dendrite and also converge to
steady state solutions that are within a few percent of those predicted by
linear solvability theory.

At A = 0.65 (with d, = 0.5), on the other hand, significant quantitative
differences between the various phase-field models are encountered. These
discrepancies can be attributed to finite corrections of the interfacial Peclet
number Per,; at higher orders of the asymptotic expansion. l.e., one can
interpret the deviations as an indication that the solutions do not converge
as function of the expansion parameter. Moreover it implies that the phase-
field equations do not operate within the sharp interface limit. The universal
behavior of the different models can be recovered via a decrease of Peyy.
The price to pay is a reduction of computational efficiency, since the only
parameter, which can be controlled within Pey,; is the interfacial width.
This interfacial width, however, always has to be resolved by an appropriate
grid spacing. At this point a detailed investigation of how to push those finite
Perpg-corrections to still higher orders by careful choices of f(¢), g(¢) and
h(®), seems to be a chance to render phase-field models computationally more
efficient. However, to my knowledge such a study is yet unpublished.

A.3 Selected State-of-the-Art Numerical Approaches

Within this section I will present two examples, which display how enhanced
computational techniques can be applied to phase-field simulations. The first
makes use of an adaptive mesh refinement algorithm and employs dynamical
data structures [240] to compute dendritic growth in two dimensions. It is
the basis of the second [155], in which the idea of adaptive mesh refinement
is extended to 3D simulations of dendritic growth including hydrodynamic
flow in the liquid phase. It employs a semi-implicit approximation projection
method (SIAPM) along with parallelization. Certainly within the 3D code
the precise algorithm for the grid refinement runs somewhat different from
that in the 2D case. However, for the sake of simplicity I will discuss grid
refinement only for the 2D example. Afterwards I will continue to give an
operational description of the additional features concerned with simulating
fluid flow in case of the 3D example. These outlines follow [240] and [155],
respectively. Together the discussion of these two examples provides concrete
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numbers of which performance can be achieved with respect to diffuse inter-
face simulations today.

A.3.1 2D Adaptive Mesh Refinement Computation

The model employed with respect to the numerics presented here is of the gen-
eral form of model equations (A-33)—([A-34). These equations are solved using
the Galerkin finite element method on dynamically adapting grids of linear,
isoparametric quadrilateral and triangular elements. The grid is adapted dy-
namically based on an error estimator that utilizes information from both the
¢ and T fields. In the broadest sense, the algorithm performs functions that
can be divided into two classes. The first deals with the establishment, main-
tenance and updating of the finite element grids, the second with evolving ¢
and T on these grids according to (A-33) and (A-34).

Maintaining a grid of finite elements on a data structure known as a
quadtree [92, 229, 255] is the main issue of the first class of functions. The
quadtree is a tree-like structure with branches up to a pre-specified level
creating children elements. These are themselves data structures that con-
tain information analogous to the parent, from which they branch, but one
level down. This quadtree element data structure is depicted in Fig. [A1l
Every entry on the quadtree contains information pertaining to a four-noded
isoparametric quadrilateral finite element. This information includes the fol-
lowing;:

1. values of ¢ and T at the four nodes,
the nodal coordinates of the element,
the level of refinement of the element on the quadtree,
the value of the current error estimate,
the element number, which contains information about the coordinates
of the element and its level of refinement,
6. an array mapping the four nodes of the element onto the entries of a
global solution array,
7. pointers to the nearest neighbors of the element sharing a common edge
at the same level of grid refinement,
8. a variable that determines whether or not an element contains further
sub-elements termed child elements,
9. pointers to the child elements of an element,
10. a pointer to the parent element, from which an element originates.

CU N

A parent element and its four child elements are referred to as a family.
Refinement produces a finer mesh within the confines of the original parent
grid by bisecting each side. Unrefinement, which consists of fusing the four
child elements back into the parent, has the opposite effect, locally creat-
ing a coarser mesh. Both refinement and unrefinement proceed via dynamic
memory allocation, making the code scalable. Unrefinement can occur only
if the child elements do not possess further children of their own. Also, in
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order to avoid regions of different refinement bordering each other, the re-
striction that any two neighboring quadrilateral elements may be separated
by no more than one level of refinement is imposed. Moreover one defines a
level of refinement of an element [, so that a uniform grid at refinement level
l. would contain 2'¢ x 2!« grid points in a physical domain Ly x Lp.

(a) (b) ()

1 2 3 4 1 2 3 4
e)

1 2 3 4
@ : f AA%

(

Fig. A.1. An illustration of the quadtree element data structure. (a) An element
and four child elements. (b) Splitting of the children. (c¢) Splitting of the childrens’
children. (d)—(e) Evolution of branching in the quadtree. Branches with triangles
indicate square elements which are bridged with triangular or rectangular elements.
Figure following [240].

Cases, in which an element has no children, a missing neighbor, or no
parent are handled by null pointers. The latter case occurs only for the root
of the quadtree. All elements at a given level of refinement on the quadtree
are “strung” together by a linked list of pointers, referred to as the G-list.
There are as many G-lists as there are levels of refinement in the quadtree.
Each pointer in the G-list accesses the location in memory assigned to one
element of the quadtree. The purpose of the G-list is to allow traversing of
the quadrilateral elements sequentially rather than recursively. The latter
procedure would be memory intensive and relatively slow.

In addition the code maintains two independent grids representing special
linear isoparametric triangular and rectangular elements. These elements are
used to connect the extra nodes, which arise when two or more quadrilateral
elements of different refinement levels border each other. These element types
are referred to as bridging elements. They are maintained as two linked lists of
derived data types, one containing information about triangular elements, the
other rectangular. Elements of both grids include the following information:

1. the values of ¢ and T at the three nodes (four for rectangles) of the
element,
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2. the nodal coordinates,
3. node numbers that map the nodes of the element onto the global solution
array.

The main set of operations performed on the grids described above con-
cern refinement of the finite element mesh as a whole. The refinement process
is performed only on the quadrilateral mesh. The triangular and rectangular
grids are established after this process is completed. To refine the grid the
code traverses the elements of the quadtree, refining (unrefining) any element,
for which the error estimate is above (below) a critical value o}, (0;). Fusion
of four quadrilateral elements can only occur, if all four error estimates are
below the critical value o;, where o; < o},. Simulations show [240] that for
o, = o, the grid starts to oscillate, i.e. a large numbers of elements become
alternatively refined at one time step, then unrefined at the next.

The processes described so far are grouped into modules that encapsulate
various related tasks. They can cross-reference the data and instructions of
each other. The module highest in hierarchy contains the definition of the
quadtree data structure as well as routines that construct the initial uniform
grid, refine and unrefine individual quadrilateral elements and impose the ini-
tial conditions. Another module constructs the G-lists. It contains routines
that construct the initial G-list from an initially uniform quadtree data struc-
ture. Moreover it adds (deletes) element pointers from the G-list as elements
are created (deleted) from the quadtree. Another module accessing the data
structure of the previous ones has the role of creating the triangular and
rectangular element grids. It contains definitions for creating triangular and
rectangular elements data structures and routines that search the quadtree,
building the linked lists of triangles and rectangles that make up these grids.

The second class of functions is concerned with updating of the finite
element grids. With respect to this point the final modul runs the integration
of (A33) and ([A34). This module performs four main processes:

1. It maps the internal element node numbers to the indices of a global
solution vector.

2. It advances the T' and ¢ field vectors by N, time steps on the finite
element grids defined above.

3. It calculates an error estimate for each element of the quadtree, based on
an error estimate of the quadrilateral elements.

4. Tt invokes the routines to refine the grid according to the error estimator.

Steps (1)-(4) are repeated until a sufficient time evolution of the mi-
crostructure is established. The variable N, is set, so that the interface re-
mains within the regions of fine meshing between regriddings. The latter is
typically done every 100 time steps. Step (1) involves searching for all ele-
ments and the respective neighbors, as well as assigning each node a unique
number, if it has a counterpart on a global solution vector.
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The finite element discretization of (A.33) and ([A.34) is done using
Galerkin’s weighted residual method [78]. The method begins by assuming
that ¢ and T are interpolated within an element as

N N
¢°=> ¢ Ni(z,y) T°=Y TfNi(z,y) (A.37)
=1 =1

where ¢¢ and T are the field values at the N nodes of the element e and
their interpolated values in its interior. The functions N;(z,y) are standard
linear interpolation functions appropriate for the used element [303]. They
satisfy

Ni(zj,y5) = i (A.38)
where §; ; is the Kronecker delta. Rewriting the differential equations for ¢

in (A33) and [(A34) as Lyp = 0, as well as of the T-equation as LT = 0,
the Galerkin method requires that

/ Ni(z,y)Ly¢®(x,y)dzdy =0 (A.39)
QE
/ Ni(z,y)LrT* (2, y)dzdy = 0 ,

e

for i =1,2,3,..., N, where {2, represents the area of an element e. Substi-
tuting (A37) into ([A-39), one obtains two linear algebraic equations for ¢;
and T;,7=1,2,3,..., N in the element e.

The next step is to define ¢ = (¢, o, @3, -+, dn)T and Y€ = (T, Ty, T3,
.-+, Tn)T, where the superscript T denotes the transpose, making ¢ and T¢
column vectors. Then the linear algebraic statement of the finite element

form of (A33) and (A34) reads

~ do® ~

) = (A+B) o + () (A.40)
aTe 1 dge

Car TPAT Oy

where the matrices C, C, A, A and E and the vector F¢(\) are given by

C :/ N'Ndzdy , (A.41)
e
¢ / NTNA2(0(6°))dady , (A.42)
0.
A=- / (NN, + N'N, ) dady , (A.43)
(9]

e

A=- / (NTNy + NNy ) A%(6(¢°))dzdy , (A.44)
o5
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E=—- /Q (NTNx - NTNy) A(9(¢e))w(9(¢e))dmdy ’ (A.45)

Fe()) = /Q NT£(6°, U A)dady . (A.46)

Here Ny, Ny denote the partial derivatives of the vector of shape functions
with respect to x and y, respectively. The function A(0(¢°)) is given by
(A35). w(h) is proportional to the derivative of A(f). It reads:

tan 6(1 — tan? 6)

w(f(¢)) = 168 (1 + tan20)2

(A.47)

A lumped formulation for the matrices C and C [78] is employed. In
this procedure, the row vector of shape functions N in (A.41) is replaced by
the identity row vector I = (1,1,1,--+). The resulting matrix C consists of
identical columns, each of which contains the element N;(x,y) at the position
of the i*® row. A lumped term is defined as a diagonal matrix of entries which
take the values

nodes
1
i 2 [, My (Ad8)

The use of a lumped matrix for C enables the assembly of a diagonal matrix
for the left hand side of (A.40), stored as a one-dimensional vector. (Two-
dimensional arrays would be required if the consistent formulation for the
assembly of the C matrices were used. However, microstructures evolving at
low undercooling can produce interfaces with over 2 - 10° elements, making
the storing of 2 - 10% x 2 - 10° matrices impossible.)

The global ¢ (obtained after assembly of the element equations in ([A40))
is time-stepped using a forward difference (explicit) time scheme. For each
time step of the ¢ field, the global T field is solved iteratively using a Crank—
Nicholson scheme. Convergence of T' is obtained within a few iterations.

Regridding is based on an error estimator function discussed next. It
is obtained following Zienkiewicz and Zhu [303], based on the differences
between calculated and smoothed gradients of the ¢ and T fields. In particular
a composite field

¥V =¢+~T (A.49)

is defined, for which v is a constant. This definition enables a regridding in
accordance to the requirements of both the ¢ and T field, as opposed to using
merely the gradients of the ¢-field in establishing the grid [39]. Since ¢ and
T have to be determined rather than their gradients, one does not expect the
gradient of ¥ to be continuous across element boundaries, due to the order
of the interpolation used. Thus the difference between the calculated and the
smoothed gradients, which are both continuous across element boundaries,
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can be expected to provide a reasonable estimate of error. This method ap-
propriately meshes regions of both steep gradients and regions where the ¢
and T fields change rapidly.

The error estimator function e is defined as

e=qs—qec, (A.50)

where q. and qs are the calculated and smoothed gradients of ¥, respectively.
To determine s, one assumes it to be interpolated in the same way as the ¢
and T fields, namely

as = NQ?® , (A.51)

where N is the row vector of element shape functions and Q° a 4 x 2 matrix,
which columns represent the nodal values of fluxes of ¥ in the z and y di-
rection, respectively. To find QS, Galerkin’s method is employed, minimizing
the weighted residual

/ NTed (2, = / NT(NQ® — q.)d2 = 0. (A.52)
2. e

This calculation is simplified by lumping the left hand side of (A.52]), leading

to
( / NTIdQ) Qs = / Nq.df? . (A.53)
.Qe Qe

Assembling (A53) for all quadrilateral elements yields an equation for the
smoothed gradients QY of the global field ¥, at all element nodes, of the form

DQY =b, (A.54)

where D is a diagonal matrix, due to “masslumping”, and QY is a N x 2
matrix for the global, smoothed flux.

For the actual error updating on the elements of the quadtree one employs
the normalized error

E2 o fgﬂ |(q5 - qc)|2dﬂe
X JolasPde

The domain of integration {2 in the denominator denotes the entire domain
of the problem. Thus E? gives the contribution of the local element error
relative to the total smoothed error calculated over the entire grid.

The CPU time of this approach scales with the arc length of the problem
under investigation. For most computations this implies an increase in compu-
tational efficiency compared to computations on a uniform grid, which scale
with the size of the required grid itself. E.g., for A = 0.70, D = 2, dt = 0.016,
A chosen to simulate § = 0 and system size 800 x 800 with Axyin = 0.4,
simulations of 10° time steps take approximately 15 CPU-hours on a Sun
UltraSPARC 2200 workstation with 512 MHz.

(A.55)
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A.3.2 3D Simulations Including Fluid Flow

The phase-field model underlying the computational approach presented
within this section employs the same phase-field model equations as the pre-
vious section. To extend it to hydrodynamic flow in the liquid phase a method
proposed by Beckermann et al. [26] is employed. Within this approach a phase
average @y, of a variable @ for phase k over volume AV is defined as

2 / Ay Xkp@dV
= ¢ )
where X, € {0,1} is an existence function. The formulation ensures that the
fluid velocity is extinguished in the solid, and further that the shear stress at
the liquid—solid interface is handled correctly.

The governing equations for simulating dendritic growth with fluid flow
are the mixture continuity equation:

), (A.56)

V. {12‘%] =0, (A.57)

where u is the velocity vector, the averaged momentum equation:
0 1-9¢ 1—0¢ 1—9¢
i |(57) o] v [ (57) ]+ (557) w0

- yv2[(12¢> u} - uh2(1 — ;@(1 +9), , (A.58)

where t is time, p the pressure, v the kinematic viscosity, § = W/ V2 the
characteristic interface width, and h a constant (=2.757), which ensures that
the interface shear stress is correct for a simple shear flow (see Beckermann
et al. [26]), and the averaged energy conservation equation in terms of
the dimensionless temperature T

ar
ot

1—¢ 2 109
+< 5 >u~VT—DVT+28t. (A.59)
The phase averages of velocity and pressure are used for deriving the mix-
ture continuity equation, averaged liquid momentum equation and averaged
energy conservation equation. These are solved together with the 3D phase-
field evolution equation, which is a straightforward extension of (A34).

Here the 3D flow equations are solved using the SIAPM by Gresho [136].
SIAPM is a predictor-corrector method, which can solve (A57) and (AES)
effectively, especially for large 3D problems, because it uses relatively small
amounts of memory. The velocity degrees of freedom are solved in a segre-
gated form. Pressure is updated using a projection method. For a detailed
discussion of the algorithm, the reader is referred to the original paper [136].
The algorithm consists of three steps, which are summarized briefly in the
following:
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Compute an intermediate velocity a™+! from

1
— M — fK Flatt! = M K
(At TR ) (At + )
—A(u")u} - G;p", (A.60)

where ﬁ?“ is the vector of nodal values of the intermediate velocity

component ¢ at time step n + 1, u} is the corresponding vector at time
step n, and p” is the vector of nodal pressures at time step n. The
coefficient matrices are defined in terms of the velocity shape functions
N as follows:

= / 0= 9) NTvan (A.61)
ONT ON ONT ON

_ h(1— ¢2 14 ¢) ur
= / = NTNdR2 (A.63)
A(u") = / — O nrur N (A.64)

0 2 a Tk
- _ [ (1=¢) xON

G = /Q ;NG A2, (A.65)

The velocity field found in the first step is generally not divergence-
free. The next step corrects the pressure to obtain an approximately
divergence-free velocity field by solving a Poisson equation for

Apn-‘rl — pn+1 _ pn:

1
LAp"™' = ——D (a""!' —u") , (A.66)

At

where
(1—¢) ONT ON
L = I —df2 A.

/ 2 aaﬁk oxy, (A.67)
—dQ (A.68)

p"*! is then updated according to
p"Tt=p" 4 Ap"tt. (A.69)

Finally, the projected velocity u™*! is computed in a corrector step by

solving
u"tl = ot - AtML TG Apt Y (A.70)

where )
ML:/ 1= oNan. (A.71)
o 2
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The computations are started using an initial velocity field ug determined
from the boundary conditions. In order to obtain a field ug, whose discrete
divergence is close to zero, the pressure is adapted by iteration. The initial
pressure is zero everywhere.

Equations (A.60) and (A.66) are solved by the conjugate gradient (CG)
method with diagonal preconditioning [217]. The STAPM can calculate the
velocity field for large 3D problems much faster than fully implicit time-
stepping methods, because convergence for ([A.60) is reached within a few
iterations. Moreover, the number of degrees of freedom of (AZ66) is one. The
CG iteration for (A-60) converges more slowly, typically within 50-200 itera-
tions.

The averaged energy equation ([A1E3) is solved using the CG method with
diagonal preconditioning as well. Streamline upwind schemes [45] are em-
ployed for the convection terms in (A60) and (A59). The 3D phase-field
equation is a nonlinear system. In order to solve the system implicitly, an
iterative method such as the Newton—Raphson method is required. Alterna-
tively an explicit time-stepping scheme can be employed. Stable solutions are
obtained from the explicit scheme, since the variation of the ¢ field exists
only in the interface region and a sufficiently small time increment At can
be used.

In analogy to the previous section the algorithm is implemented along
with adaptive grid refinement. Moreover it is parallelized on the basis of the
Charm++FEM framework [158].

Based on this implementation in [155] for a set of problem parameters
corresponding to SCN, i.e. At = 0.016, W =1, 7o = 1, A = 6.383, do(=
a1%) = 0.139, v = 92.4 and Pr = 23.1 computations of 100 time steps
of a growing 3D dendrite are reported to require 190 hours of CPU for an
underlying minimum grid spacing of Az, = 0.4. 80% to 90% of the CPU
time were spent for the update of the velocity and the pressure field [155].

To my knowledge these 3D simulations of SCN including fluid flow are the
most extensive computations of dendritic growth so far. Everything beyond
still remains an open challenge — from point of view of numerics as well as
from point of view of modeling, which might help to simplify numerics.
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